Rules for integrands of the form u (a + bLog[c (d +ex)"])P

1: j(a+bLog[c (d+ex)"])Pax

Derivation: Integration by substitution
Rule:

J(a+bLog[c (d+ex)"])Pdax — lSubst[J.(a+bLog[cx"])"’dlx, X, d+ex]
e

Program code:

Int[(a_.+b_.xLog[c_.*x(d_+e_.*x_)"n_.])"p_.,x_Symbol] :=
1/e*Subst[Int[ (a+bxLog[c*x"n])*p,X],X,d+exx] /;
FreeQ[{a,b,c,d,e,n,p},X]



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

2. f(f+gx")q (a+blLog[c (d+ex)"])dx
1. J‘(1=+gx)q (a+blog[c (d+ex)"])”dx

1: J(-F+gx)q (a+blog[c (d+ex)"])?dx whenef-dg==0

Derivation: Integration by substitution
Basis:If ef -dg ==0,then (f+gx)3F[d+ex] = %Subst[ (‘Cd—x)qF[x], X, d+ex| o (d+ex)
Rule:If e f - d g == 9, then

q
f(-F+gx)q (a+blog[c (d+ex)"])Pdx — ESubst[J.(fd—x] (a+bLog[cx"])Pdx, x, d+ex]
e

Program code:

Int[(f_+g_.x_)"q_.*(a_.+b_.xLog[c_.»(d_+e_.*x_)"n_.]1)"p_.,x_Symbol] :=
1/exSubst[Int[ (fxx/d) g (a+bxLog[c*x"n])"p,x],x,d+exx]| /;
FreeQ[{a,b,c,d,e,f,g,n,p,q},x| && EqQ[exf-d«g,0]



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

2. J.(1=+gx)q (a+blog[c (d+ex)"])?dx whenef-dg#@
1. J‘(m“+gx)cI (a+blog[c (d+ex)"])’dx whenef-dg#0 A p>0

1. j(f+gx)q (a+blog[c (d+ex)"]) dx whenef-dg+#0

bL d "
1, _f(“ %8l @+ e0]) iy when e f-dgro A pezt

f+gx

dx whencd>®0

1 J~a+bLog[c (d+ex)]

X

dx whencd==1

. J~Log[c (d+ex")]

X

Rule: If cd == 1, then

dx —

J\Log[c (d+ex")] PolyLog[2, -cex"]
X n

Program code:

Int[Log[c_.x(d_+e_.*x_"n_.)]1/x_,x_Symbol] :=
-PolyLog[2,-cxexx*n]l/n /;
FreeQ[{c,d,e,n},x] &% EqQ[c*d,1]

a+blog[c (d+ex
Z:J- * glc (d+ )]dlxwhencd>0

X

Derivation: Algebraic expansion

Basis: If cd > ©,thenLog[c (d+ex)] = Log[cd] +Log|1 + ed—X}

Rule: If c d > 9, then



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

Log[1+ed—x
dx — (a+blog[cd]) Log[x] +b | —  dx

Ja+bLog[c (d+ex)]

X X

Program code:

Int[(a_.+b_.xLog[c_.*(d_+e_.*x_)])/x_,x_Symbol] :=
(a+bxLog[cxd]) xLog[x] + bxInt[Log[l+exx/d]/x,Xx] /;
FreeQ[{a,b,c,d,e},x] && GtQ[cxd,0]

a+blog[c (d+ex
2:j . glc {d+ )]dlxwhenef—dg;te/\g+c(ef—dg) =

f+gx

Derivation: Integration by substitution

Basis:If g+c (ef-dg) ==0,thenF[c (d+ex)] == éSubst[F[1+%}, X, f+gx| oy (f+gx)

Rule:if ef-dg+0 A g+c (ef-dg) == 0,then

a+blog[c (d+ex 1 a+blog|l+ <=
: glc (0 )] dx — —Subst[ [ g ] dx, x,f+gx]
f+gx g X

Program code:

Int[(a_.+b_.xLog[c_.*(d_+e_.*x_)]1)/(f_.+g_.x_),x_Symbol] :=
1/g»Subst[Int[ (a+bxLog[l+cxexx/g]) /X,X],X,F+g*x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[exf-dxg,0] && EqQ[g+cx (exf-dxg),0]



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

a+blogf[c (d+ex)"]
3:j dx whenef-dg#0

f+gx

Derivation: Integration by parts

fee 1 1 e (f+gx
Basis: ;- = 1 OxLog| e T8 |

Rule:If e f -d g + 9, then

|,

Ja+bLog[c (d+ex)"] o Log[J—g—)-ee::’:d; ] (a+blog[c (d+ex)"]) pen JLog[JJJeeijd:
—
d+ex

f+gx g g

Program code:

Int[(a_.+b_.xLog[c_.*(d_+e_.*x_)*n_.1)/(f_.+g_.x_),x_Symbol] :=
Log[e*(f+g*x)/(e*f—d*g)]*(a+b*Log[c*(d+e*x)An])/g = b*e*n/g*Int[Log[(e*(f+g*x))/(e*f—d*g)]/(d+e*x),x] /3
FreeQ[{a,b,c,d,e,f,g,n},x| & NeQ[exf-dxg,0]



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

2: J(-F+gx)q (a+blog[c (d+ex)"]) dx whenef-dg#0 A q#-1

Reference: G&R 2.728.1, CRC 501, A&S 4.1.50"
Derivation: Integration by parts

Basis: (f + gx)q = g, e
g (q+1)

Rule:if ef-dg+0 A g+ -1,then

)q+1

(-F+gx)q+1 (a+blog[c (d+ex)"]) ben j(f+gx 4
X

j(f+gx)q(a+bLog[c (d+ex)"]) dx — -

g(q+1) g(q+1) d+ex

Program code:

Int[(f_.+g_.#x_)"q_.*(a_.+b_.xLog[c_.x(d_+e_.*x_)"n_.]),x_Symbol] :=
(F+g*x) " (q+1) * (a+bxLog[cx (d+exx) *n]) / (g* (q+1)) -
bxexn/ (g (q+1)) +Int[ (F+g+x) " (q+1) /(d+exx),x] /;
FreeQ[{a,b,c,d,e,f,g,n,q},x| && NeQ[exf-d+g,0] && NeQ[q,-1]

(a+blog[c (d+ex)"])?
2:j dx whenef-dg#0 A p-1€z*

f+gx

Derivation: Integration by parts

fee 1 1 e (f+gx
Basis: = == ¢ OxLog| ¢ 18%" |

-1

ige n p__ benp (a+blogfc (d+ex)"])P
Basis: Ox (a+bLog[c (d+ex)"])P == i

Rule:lif ef-dg+0 A p-1€Z,then



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

J(a+b|_°g[c (d+ex)"])” Log[%%ﬁ?—] (a+blog[c (d+ex)"])? beanLog[%Eg?-] (a+blLog[c (d+ex)"])""
dx — -

f+gx g g d+ex

Program code:

Int[(a_.+b_.xLog[c_.x(d_+e_.*x_)*n_.1)"p_/(f_.+g_.x_),x_Symbol] :=

Log[ex (f+gxx) /(exf-dxg) ]+ (a+bxLog[cx (d+exx) n]) p/g -

brexnxp/gxInt[Log[ (ex (f+gxx))/(exf-dxg) ]|+ (a+bxLog[cx (d+exx)~n]) (p-1)/ (d+exx),X] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x| & NeQ[exf-d«g,0] & IGtQ[p,1]

(a+blog[c (d+ex)"])?
S:J dx whenef-dg#0 A p>0

('F+gx)2

Derivation: Integration by parts

HP 1 o d+e x
Basis: (f+gx)2 Ox (ef-dg) (f+gx)

Rule:if ef-dg+ 0 A p > 0,then

(a+blLog[c (d+ex)"])? (d+ex) (a+blog[c (d+ex)"])* benp (a+blLog|c (d+ex)"])”'1
J dx — J dx

(F+gx)? (ef-dg) (f+gx) Cef-dg frgx

Program code:

Int[(a_.+b_.xLog[c_.x(d_+e_.*x_)"n_.1)"p_/(f_.+g_.*x_)"2,x_Symbol] :=
(d+exx) » (a+bxLog[c (d+exx) *n]) ~p/ ( (exf-dxg) » (F+g*x)) -
brexnxp/(exf-dxg) +Int[ (a+bxLog[cx (d+exx) n])~(p-1) /(f+g+x),x]| /;

FreeQ[{a,b,c,d,e,f,g,n},x] && NeQ[exf-d+g,0] && GtQ[p,0]

dx



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

4: f(f+gx)q (a+blog[c (d+ex)"])’dx whenef-dg#0 A p>0 A q#-1

Reference: G&R 2.728.1, CRC 501, A&S 4.1.50"
Derivation: Integration by parts

Basis: (f + gx)q = g, e
g (q+1)

Rule:lf ef-dg+0 A p>0 A q+ -1,then

a+blog[c (d+ex)"])"?

j(f+gx)q (a+blog[c (d+ex)"])Pdx —
g (q+1) g(q+1)

Program code:

Int[(f_.+g_.#x_)"q_.*(a_.+b_.xLog[c_.*(d_+e_.#x_)~n_.])"p_,x_Symbol] :=
(F+g*x) " (q+1) * (a+bxLog[c* (d+exx)~n]) ~p/ (g (q+1)) -
bxexnxp/ (g (q+1) ) »Int [ (f+g*x)~ (q+1) * (a+bxLog[cx (d+exx) ~n])~(p-1) / (d+exx) ,x]| /;
FreeQ[{a,b,c,d,e,f,g,n,q},x| && NeQ[exf-d+g,0] & GtQ[p,0] && NeQ[q,-1] && IntegersQ[2xp,2+q] &&
(Not[IGtQ[q,0]] || EqQ[p,2] && NeQ[q,1])

2. I(f+gx)q (a+blog[c (d+ex)"])Pdx whenef-dg#@ A p<@

'F+gx
1: j dx whenef-dg#0 A qez*
a+blog[c (d+ex)"]

Derivation: Algebraic expansion

(1°+gx)q*1 (a+blog[c (d+ex)"])P benp J-(f+gx)q+1 (

dx
d+ex

Note: ExpandIntegrand expresses (f+gx)®as a polynomialin d+exso the above rule for when ef-dg=e will apply.

Rule:if ef-dg+ 0@ A gqez,then



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

(F+gx)* (F+gx)*
J dx — JExpandIntegrand[ B x] dx
a+blog[c (d+ex)"] a+blog[c (d+ex)"]

Program code:
Int[(f_.+g_.#x_)"q_./(a_.+b_.xLog[c_.x(d_+e_.+x_)"n_.]),x_Symbol] :=

Int[ExpandIntegrand [ (f+gxx) ~q/ (a+bxLog[cx (d+exx) ~n]) sx]5x] /3
FreeQ[{a,b,c,d,e,f,g,n},x| & NeQ[exf-dxg,0] & IGtQ[q,0]

2: J‘(F+gx)q (a+blog[c (d+ex)"])?dx whenef-dg#8 A p<-1Aq>0

Rule:lf ef-dg+0 A p<-1Aqg>0,then

J(f+gx)q (a+blog[c (d+ex)"])Pdx —

(d+ex) (F+gx)? (a+blog[c (d+ex)“])p+1
ben (p+1) *

q+1

q(ef-dg)
bn (p+1)

f "t (a+blL d "1)P* ax -
ben (he D) J( +gx)%" (a+bLlog[c (d+ex)"]) X

J(-F+gx)q (a+blog|c (d+ex)"])p"1d1x

Program code:

Int[(f_.+g_.#x_)"q_.*(a_.+b_.*Log[c_.x(d_+e_.*x_)"n_.])" p_,x_Symbol] :=
(d+e*x) * ('F+g*x) ~gq*x (a+bxLog[c* (d+exx)*n]) " (p+1) / (bxexn* (p+1)) +
qx (exf-dxg) / (bxexns (p+1)) +Int [ (f+g+x) " (q-1) » (a+bxLog[cx (d+exx) ~n])~ (p+1) ,x] -
(q+1) / (b*nx (p+1) ) *Int [ (f+g+x) ~q* (a+bxLog[c* (d+exx)~n])~ (p+1),x] /;
FreeQ[{a,b,c,d,e,f,g,n},x] & NeQ[exf-dxg,0] & LtQ[p,-1] && GtQ[q,O]



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

3: J-(f+gx)q (a+blog[c (d+ex)"])’dx whenef-dg#8 A qez*

Derivation: Algebraic expansion
Note: ExpandIntegrand expresses (f+gx)®as a polynomialin d+exso the above rules for whenef-dg--e will apply.

Rule:lif ef-dg+0 A qeZ*,then

J(f+gx)q (a+blog[c (d+ex)"])?dx — JExpandIntegrand[(f+gx)q (a+blog[c (d+ex)"])", x] dx

Program code:

Int[(f_.+g_.#x_)"q_.*(a_.+b_.xLog[c_.*(d_+e_.#x_)~n_.])"p_,x_Symbol] :=
Int[ExpandIntegrand [ (f+g#x)~q+ (a+bxLog[cx (d+exx)~n]) p,x],x]| /;
FreeQ[{a,b,c,d,e,f,g,n,p},x| && NeQ[exf-d+g,0] & IGtQ[q,O]

10



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

f+gx? 2d

2d

LOg[d+ex] 2 2

1: ———dx whene*f+d“g=-0
f+ g x?

C
a+blog[ =] , , .
2. | —————&2X" ax when 2 f+d’g==0 A < >0

Derivation: Integration by substitution

- .
Basis: If e2 f + d?2 g = 0, then T[gifzi - _ESUbSt[Tgﬁd?) X, ﬁ

Rule: If e2 f + d2 g == 0, then

f+gx? g 1-2dx

Log| -2 e Log[2dx
JM dx — ——Subst[J‘M dx, x

Program code:

Int[Log[c_./(d_+e_.*x_)]/(f_+g_.#x_"2),x_Symbol] :=
-e/g*Subst [Int[Log[2xd*Xx] / (1-2%xd*X) ,X],X,1/ (d+exx)] /;
FreeQ[{c,d,e,f,g},x]| && EqQ[c,2+d] && EqQ[e"2+f+d"2xg,0]

C
a+bLog[d+ex] , , .
22 | ———————dxwhene’f+d’g=0A ;5>0
f+gx?

Derivation: Algebraic expansion

Basis: If - > @,then Log| 75| = Log| 5 | Log| 22|

d+e x d+e x

Rule: If e* f +d*g == 0 A -5 > @, then

J ox gex

11



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

a+blog[—=—] c 1
— X" gx (a+bLog[—])J dx +b
f+gx? 2d f+gx?

Program code:

Int[(a_.+b_.xLog[c_./(d_+e_.#x_)1)/(f_+g_.*x_"2),x_Symbol] :=
(a+bxLog[c/ (2+d) ]) *Int[1/(f+g*x*2),x]| + bxInt[Log[2xd/ (d+exx)]/(f+g*x"2),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[e~2+f+d"2+g,0] && GtQ[c/(2xd),0]

2d
d+e x

Log[

f+gx?

|,

12



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

a+blogfc (d+ex)"]
3.[ dx
VF o+ gx?
a+blog[c (d+ex)"]

VF + g x?

dx when £ >0

Derivation: Integration by parts

Basis: Ox (a+ b loglc (d+ex)"]) = 2
Note: If £>e, then J% dx involves the inverse sine of a linear function of x, otherwise it involves the inverse
frgx?
tangent of a nonlinear function of x.
|

Rule: If £ > 0, dx, then

let u - J#
~\/ F+g x?

a+blogfc (d+ex)"]

VF+gx?

dlx—>u(a+bLog[c(d+ex)"])—benJ dx

d+ex

Program code:

Int[(a_.+b_.xLog[c_.x(d_+e_.*x_)*n_.1)/Sqrt[f_+g_.*x_~2],x_Symbol] :=
With[{u=IntHide[1/Sqrt[f+g+x*2],x]},
ux (a+bxLog[c* (d+exx)*n]) - bxexnxInt[SimplifyIntegrand[u/ (d+exx),x],x]] /;
FreeQ[{a,b,c,d,e,f,g,n},x] && GtQ[f,0]

Int[(a_.+b_.xLog[c_.x(d_+e_.*x_)*n_.1)/(Sqrt[f1_+gl_.+x_]+Sqrt[f2_+g2_.+x_]),x_Symbol] :=
With[{u=IntHide[1/Sqrt[f1+f2+g1lxg2+x~2],x]},
ux (a+bxLog[c* (d+exx)*n]) - bxexnxInt[SimplifyIntegrand[u/ (d+exx),x],x]] /;
FreeQ[{a,b,c,d,e,f1,g1,f2,82,n},x] & EqQ[f2xgl+flxg2,0] && GtQ[f1,0] && GtQ[f2,0]

13



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

a+blogf[c (d+ex)"]

VF + g x?

dx when f 30

Derivation: Piecewise constant extraction

. 1+f’gx2
Basis: Oy ==

A F+g x?

Rule: If £ # 0, then

1+ B x2
a+blog[c (d+ex)"] f a+blog[c (d+ex)"]
dx — dx
VF+gx? VFf+gx? 1. Ex?
+ X
\, f

Program code:

Int[(a_.+b_.xLog[c_.x(d_+e_.*x_)"n_.])/Sqrt[f_+g_.*x_"2],x_Symbol] :=
Sqrt[1+g/f+x"2] /sqrt[f+g+x 2] +Int[ (a+bxLog[cx (d+exx)*n]) /Sqrt[1+g/F+x*2],x] /;
Fpeeq[{a,b,c,d,e,f,g,n},X] & NOt[GtQ[f’o]]

Int[(a_.+b_.xLog[c_.*(d_+e_.*x_)*n_.1)/(Sqrt[f1_+gl_.+x_]+Sqrt[f2_+g2_.+x_]),x_Symbol] :=
Sqrt[1+g1xg2/ (f1+f2) +x*2]/(Sqrt[fl+glex]+Sqrt[f2+g2+x])+Int[ (a+bxLog[cx (d+exx)"n]) /Sqrt[1+glxg2/ (f1xf2)+x*2],x] /;
FreeQ[{a,b,c,d,e,f1,g1,f2,82,n},x] & EqQ[f2xgl+flxg2,0]

14



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

4: J(f»,gx")q (a+blog[c (d+ex)"])’dx whenreF A pez*

Derivation: Integration by substitution
Basis: If k Z*,thenFx] = k Subst [x“ F[x*], x, x¥k] a,x/
Rule:lf reF A peZ*,letk - Denominator [r],then

J(-F+gx")q (a+bLlogc (d+ex)"])?dx — kSubs‘t[Jx"'1 (F+gx")9 (a+bLog[c (d+ex")"])?ax, x, xl/k]

Program code:

Int[(f_.+g_.#x_"r_)"q_.»(a_.+b_.xLog[c_.(d_+e_.*x_)"n_.]1)"p_.,x_Symbol] :=
With[{k=Denominator[r]},
kxSubst [Int [x” (k-1) » (F+g*x" (kxr) ) ~q (a+bxLog [c* (d+exx k) ~n]) ~p,x] ,x,x* (1/k) |] /3
FreeQ[{a,b,c,d,e,f,g,n,p,q},x] & FractionQ[r] && IGtQ[p,0]

5: j(f+gx")q (a+blog[c (d+ex)"])?Pdx whenpez* A qeZ A (Q>@0 V (rez A r#1))

Derivation: Algebraic expansion

Rule:lf pez*AqezZ AN (>0 V (reZ A r+1)),then

J(f+gx")q (a+blog[c (d+ex)"])?dx — J(a+bLog[c (d +ex)"])® ExpandIntegrand[ (f + gx")%, x] dx

Program code:

Int[(f_+g_.*x_"r_)"q_.*(a_.+b_.xLog[c_.*(d_+e_.#x_)"n_.])"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxLog[cx (d+exx)~n])~p, (F+g*x*r)"q,x],x] /;
FreeQ[{a,b,c,d,e,f,g,n,r},x| && IGtQ[p,0] && IntegerQ[q] && (GtQ[q,0] || IntegerQ[r] & NeQ[r,1])

15



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

3. f(f+gx)q (h+ix)" (a+bLlog[c (d+ex)"])?dx whenef-dg=0

x" Log[c (d +eXx)]
1:J‘ dx whenef-dg=0 A cd=1Amez

f+gx

Derivation: Algebraic expansion

Rule:lif ef-dg==0 A cd=1 A me Z,then

J-x'“ Log[c (d +ex)]

dx — jLog[c (d+ex)] ExpandIntegr‘and[
f+gx

Program code:

Int[x_"m_.xLog[c_.x(d_+e_.*x_)1/(f_+g_.x_),x_Symbol] :=
Int [ExpandIntegrand[Log[cx (d+exx)],x"m/(f+g*x),x],x] /;
FreeQ[{c,d,e,f,g},x]| && EqQ[exf-d+g,0] && EqQ[cxd,1] && IntegerQ[m]

Xm

f+gx

,x] dx

16



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

2: J(-F+gx)q (h+ix)" (a+bLog[c (d+ex)"])?dx whenef-dg=0

Derivation: Integration by substitution
Basis: F[x] = L Subst[F[*¢], x, d+ex] 6y (d+ex)

Rule:If e f - d g == 0, then

1 h-di i r
JXf+ng(h+ixy(a+ngh(d+exW]de-a —Swsqjxgir(e 1+i1](a+bmghxq)pdm)gd+e4
e e e

Program code:

Int[(f_.+g_.x_)"q_.#(h_.+i_.x_)*r_.x(a_.+b_.xLog[c_.»(d_+e_.xx_)"n_.])"p_.,x_Symbol] :=
1/exSubst[Int[ (g+x/e) g« ((exh-dxi) /e+ixx/e) rx (a+bxLog[c*x n])p,x],x,d+exx] /;
FreeQ[{a,b,c,d,e,f,g,h,i,n,p,q,r},x] & EqQ[exf-d+g,0] & (IGtQ[p,@] || IGtQ[r,0]) && IntegerQ[2sr]

17



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

4, j(hx)'“ (F+gx")% (a+blog[c (d+ex)"])?dx

1: Jx"‘ (-F+§)q (a+blog[c (d+ex)"])?dx whenm=q A qez
X

Derivation: Algebraic simplification

Rule:lf m =g A g € zZ,then

Jx'" (F+2)" (a+bLog[c d+ex])Pax — j(gﬂcx)q (a+bLog[c (d+ex)"])? dx
X

Program code:

Int[x_"m_.x(f_+g_./x_)"q_.*(a_.+b_.xLog[C_.*(d_+e_.*x_)~n_.])"p_.,x_Symbol] :=
Int[ (g+fxx)~qx (a+bxLog[cx (d+exx) n])"p,x]| /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q},x] && EqQ[m,q] & IntegerQ[q]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

2: Jx"‘ (Frgx")% (a+blLog[c (d+ex)"])?dx whenm=r-1 A q#-1 A pez’

Derivation: Integration by parts

Basis:If m=pr -1 A q + —1,thenxm (F+gx")q _ OX%
C Ruletffm=r-1A q+-1Apez*,then

(f+gx")¥* (a+blog[c (d+ex)"])’  benp J(f+gxr)q*1 (a+bLog[c (d+ex)"])""
- dx

jx’" (F+rgx")% (a+blLogl[c (d+ex)"])?dx —
gr (q+1) gr(q+1)

d+ex

Program code:

Int[x_Am_. (f_.+g_.#X_"r_.)"q_.*(a_.+b_.xLog[c_.»(d_+e_.*x_)"n_.])"p_.,x_Symbol] :=
(F+g*xr)~ (q+1) » (a+bxLog[C* (d+exX) ~n]) *p/ (g+rx (q+1)) -
bxexnxp/ (gxrx (q+1) ) +Int [ (f+g*x r)~ (q+1) » (a+bxLog[c* (d+exx)~n]) " (p-1) / (d+exx),x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,q,r},x] & EqQ[m,r-1] & NeQ[q,-1] && IGtQ[p,0]



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

3: Jx"‘ (F+rgx")% (a+blog[c (d+ex)"]) dx whenmeZ A qeZ A rez

Derivation: Integration by parts

ben
d+e x

Basis: Ox (a+ b lLog[c (d+ex)"]) ==
Rule:lif mez A qez A r‘eZ,letueJXm (f + g x")9dx,then

Jx'" (F+rgx") (a+blog[c (d+ex)"]) dx — u (a+bLlog[c (d+ex)"]) —benJ~

Program code:

Int[x_Am_.x (f_+g_.*x_"r_.)"q_.»(a_.+b_.xLog[c_.(d_+e_.*x_)"n_.]),x_Symbol] :=
With[{u=IntHide[x"m« (f+g+x~r)~q,x]},
Dist[ (a+bxLog[cx (d+exx)~n]),u,x] - bxexnsInt[SimplifyIntegrand[u/ (d+exx),x]1,x]| /;
InverseFunctionFreeQ[u,x]] /;
FreeQ[{a,b,c,d,e,f,g,m,n,q,r'},x] && IntegerQ[m] && IntegerQ[q] && IntegerQ[r]

d+ex

dx
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

4: Jx"‘ (Frgx")% (a+blog[c (d+ex)"])’dx whenreF A pez*Amez

Derivation: Integration by substitution
Basis: If k Z*,thenFx] = k Subst [x“ F[x*], x, x¥k] a,x/
Rule:lf reF A peZ"A me Z,letk - Denominator[r],then

jx"‘ (F+gx")? (a+blog[c (d+ex)"])Pdax — kSubst[Jxk(""'l)'1 (F+gx")9 (a+bLog[c (d+ex)"])?ax, x, xl/k]

Program code:

Int[x_"m_.x (f_.+g_.#X_"r_)"q_.»(a_.+b_.+Log[c_.(d_+e_.*x_)"n_.]1)"p_.,x_Symbol] :=
With[{k=Denominator[r]},
kxSubst [Int [x” (k# (m+1) -1)  (F+g»x" (k#r) ) Aqx (a+bxLog[c* (d+exx"k) *n]) ~p, x| ,x,x" (1/k) || /;
FreeQ[{a,b,c,d,e,f,g,n,p,q},x] & FractionQ[r] && IGtQ[p,0] && IntegerQ[m]

5: j(hx)'" (F+gx")9 (a+blog[c (d+ex)"])’dx whenmez A qez

Derivation: Algebraic expansion

Rule:lf me Z A q € Z,then

J(h x)" (F+gx")? (a+bLlog[c (d+ex)"])Pdx — JExpandIntegr‘and[(a+bLog[c (d+ex)"])?, (hx)" (F+gx")9, x] dx

Program code:

Int[ (h_.xx_ ) m_.x (f_+g_.*x_"r_.)"q_.x(a_.+b_.xLog[c_.»(d_+e_.*x_)"n_.])"p_.,x_Symbol]| :=
Int[ExpandIntegrand [ (a+bxLog[cx (d+exX)~n])"p, (h»x) *mx (f+g*x"r)~q,x],x] /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,p,q,r},x] & IntegerQ[m] && IntegerqQ[q]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

5. JAF[X] (a+blog[c (d+ex)"])Pdx

1: JPoly[x] (a+bLog[c (d+ex)n])Pd1x

Derivation: Algebraic expansion

Rule:

jPoly[x] (a+blog[c (d+ex)"])?dx — JExpandIntegrand [Poly[x] (a+bLog[c (d+ex)"])P, x] dx

Program code:

Int[Polyx_=*(a_.+b_.xLog[c_.*(d_+e_.*x_)”n_.])"p_.,x_Symbol] :=
Int [ExpandIntegrand [Polyxx (a+bxLog[c* (d+exXx)”n]) p,x],x] /;
FreeQ[{a,b,c,d,e,n,p},x] && PolynomialQ[Polyx,Xx]

2: |RF[x] (a+blog[c (d+ex)"])?dx whenpez

Derivation: Algebraic expansion

Rule: If p € z, then

jRF [x] (a+blog[c (d+ex)"])?dx — J(a +blog[c (d+ex)"])” ExpandIntegrand [RF [x], x] dx

Program code:

Int[RFx_=x(a_.+b_.xLog[c_.*(d_+e_.*x_)"n_.])"p_.,x_Symbol] :=
With[ {u=ExpandIntegrand[ (a+bxLog[c* (d+exx)~n])~“p,RFXx,x]},
Int[u,x] /;
sumQ[ul] /;

FreeQ[{a,b,c,d,e,n},x] &% RationalFunctionQ[RFx,x] && IntegerQ[p]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

Int[RFx_=(a_.+b_.xLog[c_.*(d_+e_.*x_)"n_.])"p_.,x_Symbol] :=
With[{u=ExpandIntegrand [RFx* (a+bxLog[c* (d+exXx)”n])"p,x]},
Int[u,x] /;
sumQ[ul] /;

FreeQ[{a,b,c,d,e,n},x] &% RationalFunctionQ[RFx,x] && IntegerQ[p]

U: |AF[x] (a+blog[c (d+ex)"])Pdx

Rule:

JAF[X] (a+blog[c (d+ex)"])?dx — [AF[x] (a+bLog[c (d+ex)"])"dx

Program code:
Int[AFXx_=x(a_.+b_.xLog[c_.*(d_+e_.*x_)"*n_.])"p_.,x_Symbol] :=

Unintegrable [AFxx (a+bxLog[c* (d+exx)~n])~p,x] /;
FreeQ[{a,b,c,d,e,n,p},x] && AlgebraicFunctionQ[AFx,x,True]

N: juq (a+blLog[cv"])Pdx whenu==f+gx" A v=d+ex

Derivation: Algebraic normalization
Rule:lf u=Ff+gx" A v==d+ex,then

Juq (a+blog[cv"])?dax — J(-F+gx)q (a+blog[c (d+ex)"])”dx

Program code:

Int[u_~q_.*(a_.+b_.xLog[c_.*v_"n_.])"p_.,x_Symbol] :=
Int [ExpandToSum[u,x]"*q* (a+bxLog[cxExpandToSum[v,x]”*n])*p,x] /;
FreeQ[{a,b,c,n,p,q},x] &% BinomialQ[u,x] && LinearQ[v,x] && Not[BinomialMatchQ[u,x] && LinearMatchQ[v,x]]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

6. jLog[fx’"] (a+blog[c (d+ex)"])?dx

1: JLog[me] (a+bLog[c (d+ex)"]) dx

Derivation: Integration by parts
Basis: Log [f X"] == -0y (X (m-Log[f Xx"]))
Rule:
jLog[fx’"] (a+bLog[c (d+ex)"]) dx —

x Log [f x"]
dlx—benJ—dlx
d+ex

- -L £ x" bL d n b
x (m-Log[fx"]) (a+bLog[c (d+ex)"]) + emnfd+ex

Program code:

Int[Log[f_.#x_"m_.](a_.+b_.xLog[c_.»(d_+e_.*x_)"n_.]),x_Symbol] :=
-x* (m-Log[f*x*m]) » (a+bxLog[c* (d+exx) *n]) + bsxesmsn+Int[x/(d+exx),x] - bxexn+Int[(xxLog[f+x*m])/(d+exx),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

2: JLog[fX"‘] (a+blLog[c (d+ex)"])?dx when p-1ez*

Derivation: Integration by parts
Rule:lf p-1€ez*, letu— J(a +bloglc (d+ex)"])Pdx,then

JLog[-Fxm] (a+blog[c (d+ex)"])?dx — uLog[fx"] —mJEd]x
X

Program code:

Int[Log[f_.#x_"m_.](a_.+b_.xLog[c_.x(d_+e_.*x_)"n_.]1)"p_,x_Symbol] :=
With[{u=IntHide[ (a+bxLog[cx (d+exx)~n])~p,x]},
Dist [Log[fx"m],u,x] - mxInt[Dist[1/x,u,x],x]] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & IGtQ[p,1]

u: jLog[-Fx'“] (a+blLog[c (d+ex)"])?dx

Rule:

JLog[fx'“] (a+blog[c (d+ex)"])Pdx — JLog[fx'“] (a+blog[c (d+ex)"])”dx

Program code:

Int[Log[f_.#x_"m_.](a_.+b_.xLog[c_.»(d_+e_.*x_)"n_.])"p_.,x_Symbol] :=
Unintegrable [Log[f*x"m]« (a+bxLog[cx (d+exx)~n])"p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

7. [(ex07 Log[#x] (a+bLog[c (¢ ex)"])"ax

1. J(gx)qLog[fxm] (a+blog[c (d+ex)"]) dx

Log[fx"] (a+blLog[c (d+ex)"])
1: J dx

X

Derivation: Integration by parts

‘e Log[fx"] __ Log [f x"]2
Basis: . == Oy T

Rule:

Log[-Fx"‘]2
d

J-Log[-Fx"'] (a+blLog[c (d+ex)"]) Log[-Fx’“]2 (a+blLog[c (d+ex)"]) ben
dx — -

X 2m 2m

Program code:

Int[Log[f_.#x_"m_.](a_.+b_.xLog[c_.»(d_+e_.*x_)"n_.])/x_,x_Symbol] :=
Log [f+x m] A2+ (a+bxLog[cx (d+exX)~n]) / (2xm) - bxexn/ (2xm)+Int[Log[f+x m]~2/(d+exx),x]| /;
FreeQ[{a,b,c,d,e,f,m,n},x]

2: J(gx)q Log[fx"] (a+blLog[c (d+ex)"]) dx when q# -1

Derivation: Integration by parts

Basis: (g x)9Log[fXx"] = - —— Oy (" (gji‘“ - (gx) 9 Log [ x"]

Rule: If g # -1, then

j(gx)qLog[fx”] (a+blog[c (d+ex)"]) dx —

J

d+ex

X

26



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

1 m (g x) 9+t bemn (g x)+?
J. dx

- (8x)"* Log[fx"]| (a+blLog[c (d+ex)"]) +

_g(q+1) q+1 g(q+1)2J d+ex

Program code:

Int[(g_.*x_)"q_.*Log[f_.*«x_"m_.](a_.+b_.xLog[c_.»(d_+e_.xx_)"n_.]),x_Symbol] :=
-1/ (g% (q+1) ) * (mx (g%X) ~ (q+1) / (q+1) - (8*X) ~ (q+1) xLog [f+x"m] ) » (a+bxLog[cx (d+exx)"n]) +
bxexmxn/ (g* (q+1)~2) *Int[ (g*Xx) " (q+1) / (d+exx) ,x] -
bxexn/ (g (q+1) ) »Int [ (g*x) ~ (q+1) xLog[f*x m] /(d+exx) ,x]| /;
FreeQ[{a,b,c,d,e,f,g,m,n,q},x] && NeQ[q,-1]

Log[f x" bL d n1)P
0 J og[fx"] (a+bLog[c (d+ex)"]) dx when p ez

X

Derivation: Integration by parts

ie. Log[fx"] __ Log [f x"]2
Basis: < == Oy T

Rule: If p € z*, then

ben J-(gx)q+1 Log[fx"] a
- x

g(q+1) d+ex

Log[fx'"]z (a+blLog|c (d+ex)“])”'1

J.Log[fxm] (a+bLog[c (d+ex)"])? Log[fx"]* (a+blLog[c (d+ex)"])" benp
dx — -
X 2m 2m j

Program code:

Int[Log[f_.#x_"m_.](a_.+b_.xLog[c_.»(d_+e_.*xx_)"n_.]1)"p_./x_,Xx_Symbol] :=

d+ex

dx

Log [f*x"m]~2# (a+bxLog[Cx (d+exX) n]) "p/ (2xm) - bxexn«p/ (2+m)+Int[Log[f*x m]| "2+ (a+bxLog[cx (d+exx)~n])~(p-1)/ (d+exx),x] /;

FreeQ[{a,b,c,d,e,f,m,n},x] & IGtQ[p,0]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

2: J(gx)qLog[fX’"] (a+blog[c (d+ex)"])’dx whenp-1ez*A qez*

Derivation: Integration by parts
Rule:lf p-1ez* A qu*,letUej(gx)q (a+blogfc (d+ex)"])Pdx,then

J(gx)qLog[-Fx’“] (a+blog[c (d+ex)"])?dx — uLog[fx"] —mJde
X

Program code:

Int[(g_.*x_)"q_.xLog[f_.#«x_"m_.](a_.+b_.xLog[c_.x(d_+e_.*xx_)"n_.]1)"p_,x_Symbol] :=
With[{u=IntHide[ (gxx)"qx (a+bxLog[c* (d+exx)~n])"p,x]},
Dist [Log[fx"m],u,x] - mxInt[Dist[1/x,u,x],x]] /;

FreeQ[{a,b,c,d,e,f,g,m,n,q},x]| && IGtQ[p,1] && IGtQ[q,0]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

x: J(gx)qLog[fX’"] (a+blog[c (d+ex)"])?dx whenp-1ez*

Derivation: Integration by parts
Basis: Ox ((gx)9Log[fx"]) =gm (gx)%*+gq (gx)%* Log[fx"]
Rule:If p -1 eZ*,letuaJ(aerLog[c (d +ex)"])Pdx,then

~I-(gx)“Log[-Fx'"] (a+blog[c (d+ex)"])?dx — u (gx)%Log[fx"] —gmju (gx)q‘ldlx—gqju (gx)97* Log[f x"] dx

Program code:

(» Int[(g_.*x_)"q_.*Log[f_.*x_"m_.]*(a_.+b_.xLog[c_.*(d_+e_.*x_)"n_.])"p_,x_Symbol] :=
With[{u=IntHide[ (a+bxLog[c* (d+exx)~n])"p,x1},
Dist[ (gxx)~qxLog[f*x m],u,x] - gsmxInt[Dist[(g*x)"(q-1),u,X],x] - gxqsInt[Dist[(g*x)"(q-1)xLog[f*xm],u,x],x]] /;
FreeQ[{a,b,c,d,e,f,g,m,n,q},x]| && IGtQ[p,1] *)

u: J(gx)qLog[fxm] (a+blog[c (d+ex)"])”dx

Rule:

J @0t iop[£x] (avbroglc @ ex®]) ax — [(gx7Log[Fx"] (a+bLoglc @+ ex)"]) ax

Program code:

Int[(g_.#x_)"q_.*Log[f_.*x_"m_.]*(a_.+b_.xLog[c_.(d_+e_.*x_)"n_.])"p_.,x_Symbol] :=
Unintegrable[ (g+x) ~q+Log[f+x"m]+ (a+bxLog[cx (d+exx)"n]) p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p,q},x]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

8. J(a+bLog[c (d+ex)"])? (f+gLog[h (i+3jx)"])%ax

1: JLog[f (g+hx)"] (a+blog[c (d+ex)"])?dx wheneg-dh=20

Derivation: Integration by substitution

Basis:If eg—dh = 0,thenF[g+hXx, X] == %Subst[F[gdl, xd], x, d+ex| oy (d+ex)

e

Rule:If eg - dh == 0, then

J-Log[1C (g+hx)"] (a+bLog[c (d+ex)"])Pdx — lSubstU-Log[1C (gd_X)m] (a+bLog[cx"])?ax, x, d+ex]
e

Program code:

Int[Log[f_.#(g_.+h_.*x_)"m_.](a_.+b_.xLog[c_.*(d_+e_.*x_)"n_.])"p_.,x_Symbol] :=
1/exSubst[Int[Log[fx (gxx/d) m|x (a+bxLog[c*x"n])"p,x],x,d+exx]| /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,p},x] && EqQ[exf-dxg,0]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

2: J(a+bLog[c (d+ex)"]) (F+glLog[c (d+ex)"]) dx

Derivation: Integration by parts

Basis: Ox ((a+bLlog[c (d+ex)"]) (f+glog[c (d+ex)"])) == enlbfragz2bglogic (drex)?])

d+e x

Rule:

j(a+bLog[c (d+ex)"]) (f+glog[c (d+ex)"]) ax —

bf+ag+2bglog[c (d+ex)"])
d

x (a+blog[c (d+ex)"]) (f+glLog[c (d+ex)"]) —ean( X

d+ex

Pmogram code:

Int[(a_.+b_.Log[c_.(d_+e_.*x_)"n_.]1)*(f_.+g_.»Log[c_.*(d_+e_.#x_)~n_.]),x_Symbol] :=
X* (a+bxLog[cx (d+exx) ~n]) * (f+gxLog[cx (d+exx) n]) -
exnxInt [ (x* (b*f+a*g+2*b*g*Log[c* (d+exx) *n] ) )/(d+e*x) ,x] /3

FreeQ[{a,b,c,d,e,f,g,n},x]

3: j(a+bLog[c (d+ex)"])? (f+gLog[h (i+3x)"]) dx when pez*

Derivation: Integration by parts

Basis: Oy ((f+glog[h (1+jx)™]) (a+blog[c (d+ex)"])P) ==

gim (a+blLog[c (d+ex)"])P " benp (at+blog[c (d+ex)"]) ™P (figLog[h (i+ix)™])
i+jx d+e x

Rule: If p € Z7, then

J(a+bLog[c (d+ex)"])? (F+glLog[h (i+3x)"]) dx —



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

x (a+bLogfc (d+ex)"])P (F+gLog[h (i+3x)"]) —gjmj

i+jx d+ex

Program code:

Int[(a_.+b_.«Log[c_.(d_+e_.*x_)"n_.1)"p_.*(f_.+g_.xLog[h_.*(i_.+j_.»x_)"m_.]),x_Symbol] :=
x* (a+bxLog[cx (d+exx) *n]) "px (f+gxLog[h# (i+jxx)"m]) -
gxJj*mxInt [xx (a+bxLog[cx (d+exX) n]) "p/(i+j*x) x| -
bxexnxpxInt [x* (a+bxLog[c* (d+exx)*n]) " (p-1) » ('F+g*Log[h* (i+j*x) "m] )/(d+e*x) ,x] /3

FreeQ[{a,b,c,d,e,f,g,h,i,j,m,n},x] & IGtQ[p,0]

u: j(a+bLog[c (d+ex)"])? (f+gLog[h (i+3x)"])%ax

Rule:

j(a+bLog[c (d+ex)"])? (F+gLog[h (i+3x)"])%dx — J(a+bLog[c (d+ex)"])? (F+glLog[h (i+3x)"])%ax

Program code:

Int[(a_.+b_.xLog[c_.»(d_+e_.*x_)"n_.1)"p_.*(f_.+g_.xLog[h_.*(i_.+j_.*x_)"m_.])~q_.,x_Symbol] :=
Unintegrable[ (a+bxLog[cx (d+exx) ~n]) "px (f+gxLog[hx (i+j*x)~m])~q,x] /;
FreeQ[{a,b,c,d,e,f,g,h,i,3,m,n,p},x]

x (a+blLog[c (d+ex)"])? ix beanX (a+blLog|c (d+ex)"])""1 (F+glog[h (i+3x)"])

dx
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

9. j(k+lx)" (a+bLogfc (d+ex)"])? (F+gLog[h (i+3x)"])%ax

1: J(k+1x)" (a+blog[c (d+ex)"])? (F+glog[h (i+3x)"]) dx whenek-d1l=0

Derivation: Integration by substitution

Basis: If ek ~d 1 ==0,then (k+1x)"F[x] = L subst| (¥*)"F|[*%], x, d+ex]| dx (d+ex)

d e

Rule:If ek - d 1 = 9, then

k r i-dq : m
J(k+1x)"(a+bLog[c (d+ex)"])? (F+gLoglh (i+3x)"]) dx — lSubst[j[T)(] (a+bL0g[CX"])p[f+g|—°g[h (el J+B] ])dlx, x,d+ex]
e e e

Program code:
Int[(k_.+1_.#X_) r_.*(a_.+b_.xLog[c_.*(d_+e_.#x_)"n_.1)"p_.* (f_.+g_.*Log[h_.#(i_.+j_.*x_)~m_.]),x_Symbol] :=

1/exSubst[Int[ (kxx/d)~rx (a+bxLog[cx"n]) "px (f+gxLog[hx ((exi-dxj) /e+j*x/e)"m]),x],x,d+exx] /;
FreeQ[{a,b,c,d,e,f,g,h,i,3,k,1,n,p,r},x] & EqQ[exk-dx1,0]

2. |x" (a+blLog[c (d+ex)"])P (f+gLog[h (i+3jx)"]) dx whenpez*Arez A(p=1V r>0)
( [ 1)

1. Jx“‘ (a+blog[c (d+ex)"]) (f+gLog[c (d+ex)"]) dx

] J(a+bLog[c (d+ex)"]) (f+gLlog[c (d+ex)"]) 4
: X

X

Derivation: Integration by parts

Basis: Ox ((a+blLog[c (d+ex)"]) (f+glog[c (d+ex)"])) = e”(bf+aﬁ+2bdfié<)’(ﬂc (drex)"])

Rule:
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

(a+blog[c (d+ex)"]) (f+glog[c (d+ex)"])
j dx —

X
Log[x] (bf+ag+2bglog[c (d+ex)"]) 4

Log[x] (a+blLlog[c (d+ex)"]) (F+glLog[c (d+ex)"]) —enj X

d+ex

Pmogram code:
Int[(a_.+b_.xLog[c_.x(d_+e_.*x_) n_.])(f_.+g_.xLog[c_.*(d_+e_.*x_)"n_.])/x_,x_Symbol] :=
Log[x] * (a+bxLog[cx (d+exx) ~n]) « (f+gxLog[cx (d+exx)*n]) -

exnxInt[ (Log[x] (bxf+axg+2xbxgxLog[cx (d+exx)~n]) )/ (d+exx) x| /3
FreeQ[{a,b,c,d,e,f,g,n},x]

2: Jx“‘ (a+bLlog[c (d+ex)"]) (f+glLog[c (d+ex)"]) dx whenm# -1

Derivation: Integration by parts

Basis: Oy ((a+blLog[c (d+ex)"]) (f+glog[c (d+ex)"])) == e”<bf+aﬁ+2bdfiéc)’f“ (drex)?])

Rule: If m # -1, then

jx’" (a+blog[c (d+ex)"]) (f+glog[c (d+ex)"]) dx —

x™! (a+blog[c (d+ex)"]) (f+glog[c (d+ex)"]) en J-x’“*l (bf+ag+2bglog[c (d+ex)"]) 4
X

m+1 m+1 d+ex

Pmogram code:

Int[x_"m_.x(a_.+b_.xLog[c_.»(d_+e_.xx_)"n_.1)*(f_.+g_.xLog[c_.*(d_+e_.*x_)"n_.]),x_Symbol] :=
X~ (m+1) « (a+bxLog[cx (d+exx)~n]) « (f+gxLog[cx (d+exx)~n]) /(m+1) -
exn/ (m+1) +Int[ (x* (m+1) « (bxf+axg+2xbrgslog[cx (d+exx)~n])) /(d+exx),x] /;
FreeQ[{a,b,c,d,e,f,g,n,m},x] && NeQ[m,-1]



Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

. J«(a+bLog[c (d+ex)"])? (F+gLog[h (i+3x)"]) ix

X

. J-(a+bLog[c (d+ex)"]) (f+gLogl[h (i+3x)"])

X

dx

. J-(a+bLog[c (d+ex)"]) (f+gLogl[h (i+3x)"])

X

dx whenei-dj==0

Derivation: Integration by parts

Basis:If e i - d j == 9, then

Ox ((a+bloglc (d+ex)"]) ('F+gLog[h (1+jX)m])) _. egm (avbloglc (dvex)"]) | bjn (frgloglh (i+3x)"])

d+e x i+jx

Rule:If e i - d j = 0, then

J«(a+bLog[c (d+ex)"]) (F+gLog[h (i+3x)"]) i

X

L bL d n L f+gloglh (i+3jx)"
Log[x] (a+bLog[c (d+ex)"]) (f+gLog[h (i+jx)'"])—egmf og[x] (a+blog[c (d+ex)]) dlx—bjnf oglx1 (f+gloglh (1+3x)7]) dx

d+ex i+jx

Program code:

Int[(a_.+b_.xLog[c_.#(d_+e_.#x_)"n_.]1) (f_.+g_.*Log[h_.+ (i_.+j_.#x_)~m_.])/x_,x_Symbol] :=
Log[x] * (a+bxLog[cx (d+exX) " n]) % ('F+g*Log[h* (i+j*x) "m] ) -
exgxmxInt[Log[x] * (a+bxLog[cx (d+exx)”n]) / (d+exx),x] -
bxjxn+Int[Log[x]+ (f+gxLog[hx (i+j*x)m])/(i+j*x),x]/;

FreeQ[{a,b,c,d,e,f,g,h,i,j,m,n},x] && EqQ[exi-dxj,0]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

+bLogfc (d+ex)"]) (F+gLog[h (i+3x)"
2-J(a og[c (d+ex)"]) (f+glLog[h (i+jx) ])d]xwhenei—d:i#0

X

L d "] Log[h (i+3x)"
1-j°g[C( +ex)"] Log| (1+j)()]d1xwhenei—dj¢e

X

Log[d +ex] Log[i +Jj X]
1:J dx whenei-dj#0

X

Derivation: Integration by parts and 77?7

Rule:If bc - ad # 0, then

Log[a + bx] Log[c +dX] b x dLOg[—bTx] Log[a+bx] bLOE[-:—X] Log[c +dx]
J dx — Log[——] Log[a + bx] Log[c +dXx] - +
a

dx

X c+dx a+bx

b x b x
— Log[——] Log[a+bx] Log[c+dx] -d (Log[_—] - Log|-—
a a

C

dx Log[a +bx] + Log[—‘—’—: (::zz)]
]] dx
c+dx

),

a+bx c+dx

N Jwe[-:—*] op[2am] Jwg[-%‘] poptc o -tog[2c8]) Jwg[-i—*] (1ogta -+ b1 Log[ 220
(a+bx) (c+dx)

b x 1 b x d x
— Log[——] Log[a + bx] Log[c +dXx] - — [Log[——] —Log[-—]] (Log[a+bx] +Log[
a 2 a C

: (Log[_b—x] —Log[—M] +Log[ bc-ad ]) Log[a (c+dx) ]2+
2 a a(c+dx) b (c+dx) c(a+bx)

a (c+dx)

a(c+dx)])2
- +
c (a+bx)

a (c+dx)

(Log[c+dx] - Log[ ]] PolyLog[Z, 1+ b?x] + (Log[a+bx] + Log[ ]] PolyLog[Z, 1+ de] -

c (a+bx)
a (c+dx)
€[ Ton

c (a+bx)

d(a+bx)]+Lo [a(c+dx) c(a+bx)]_

] PolyLog[z,
b (c +dx)

] PolylLog [2,

c (a+bx) c (a+bx) a (c+dx)

P°1y|-°g[3, 1+ b_x] - PolyLog[3, 1+ d_x] - PolyLog[s, d@+bx) c (a+bx) ]
c

: ] + PolylLog [3,

b (c +dx) a (c+dx)

Program code:
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

Int[Log[a_+b_.*x_]=*Log[c_+d_.*x_]/X_,Xx_Symbol] :=
Log[-bxx/a] xLog[a+bxx] xLog[c+dxXx] -
1/2% (Log[-bxx/a]-Log[-d*x/c]) * (Log[a+bxx] +Log[a* (c+d*X) / (Cx (a+bxXx))])"*2 +
1/2% (Log[-bxx/a]-Log[- (bxc-a*d) *x/ (a* (c+dxx) ) ]+Log[ (bxc-axd) / (b*x (c+dxx))]) *xLog[a* (c+dxX) / (c* (a+bxx))]"2 +
(Log[c+dxx] -Log[a* (c+d*X) / (c* (a+bxXx) ) ]) *PolylLog[2,1+bxx/a] +
(Log[a+bxx] +Log[a* (c+d*X) / (c* (a+bxx) ) ]) *PolyLog[2,1+d*x/c] -
Log[a* (c+dxXx) / (c* (a+b*x)) ] *PolyLog[2,d* (a+b*x) / (bx (c+d*x) )] +
Log[a* (c+dxXx) / (c* (a+bxx)) ] *PolyLog[2,cx (a+b*Xx) / (a* (c+d*x))] -
PolylLog[3,1+bxx/a] - PolylLog[3,1+d*x/c] - PolyLog[3,d* (a+bxx)/ (bx (c+dxx))] + PolyLog[3,c* (a+bxx)/ (ax(c+d*x))]/;

FreeQ[{a,b,c,d},x] && NeQ[bxc-axd,0]

Int[Log[v_]=*Log[w_]/x_,x_Symbol] :=
Int[Log[ExpandToSum[v,x]]*xLog[ExpandToSum[w,x]]/X,x] /;
LinearQ[{v,w},x] & Not[LinearMatchQ[{v,w},x] ]

dx whenei-dj#0

X JLog[c (d+ex)"] Log[h (i+3x)"]
) X

Derivation: Algebraic expansion and piecewise constant extraction
Basis: s, (mLog[i+Jjx]-Log[h (i+3x)"]) =

Rule:If ei -dj # 0, then

Log[c (d+ex)"]
—dx

JLog[c (@7 tog[h (i +3x) ] dx — mJLog[i+jX] Log[c @rex)’] dx - (mLog[i+Jx] - Log[h (i+jX)m])J

X X

Int[Log[c_.+(d_+e_.*x_)~n_.]xLog[h_.#(i_.+j_.#x_)"m_.]/x_,x_Symbol] :=
mxInt[Log[i+j*x]*Log[cx (d+exx)"n]/x,x] - (mxLog[i+j#x]-Log[hx (i+jx)~m])+Int[Log[cx (d+exx) n]/x,X]/;
FreeQ[{c,d,e,h,i,j,m,n},x| & NeQ[exi-dxj,0] & NeQ[i+Jj#x,hx (i+jx)"m]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

+bLlogfc (d+ex)"]) (F+gLog[h (i+3x)"
\. J«(a og[c (d+ex)"]) (f+gloglh (i+3x)"]) dx wheneg-dh#@

X

Derivation: Algebraic expansion

Rule:If ei -dj # 9, then

(a+blog[c (d+ex)"]) (f+gLog[h (i+3x)"]) a+blogfc (d+ex)"] Log[h (1+3x)"] (a+blLog[c (d+ex)"])
j dlx—>fj dlx+gj d

X X X

Program code:

Int[(a_.+b_.xLog[c_.x(d_+e_.*x_ ) n_.]1) (f_+g_.*Log[h_.*(i_.+j_.*x_)"m_.])/x_,x_Symbol] :=
f+Int[ (a+bxLog[cx (d+exx)"n])/x,x] + gxInt[Log[hx (i+j*Xx) m]x (a+bxLog[c (d+exx)"n])/x,x]/;
FreeQ[{a,b,c,d,e,f,g,h,i,j,m,n},x] & NeQ[exi-dxj,0]

X
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

2: J-x" (a+blog[c (d+ex)"])? (F+glLog[h (i+3x)"])dx whenpez*Arez A(p=1V r>0)Ar#-1

Derivation: Integration by parts

Basis:Ox ((a+blog[c (d+ex)"])P (fF+gloglh (i+jx)"])) =

gim (a+blog[c (d+ex)"])P n benp (a+bLlog[c (d+ex)"]) P (f+gLog[h (i+jx)™])
i+jx d+e x

Rule:lf peZzZ*Arez A(p=1V r>0)Ar+-1then

Jx'" (a+bLog[c (d+ex)"])P (F+glLog[h (i+3x)"]) ax —

x"! (a+blog[c (d+ex)"])? (F+glLog[h (i+3x)"])

r+1

gjm J~x'""1 (a+blLog[c (d+ex)"])? 4 benp jx”l (a+blLog|c (d+ex)"])p'1 (F+glog[h (i+3x)"])
X -

r+1 i+jx r+1 d+ex

Program code:

Int[x_"r_.x(a_.+b_.«Log[c_.x(d_+e_.*x_)"n_.1)"p_.*(f_.+g_.xLog[h_.*(i_.+j_.*x_)"m_.]),x_Symbol] :=
X~ (r+1) « (a+bxLog[cx (d+exx) ~n]) "px (f+gxLog [h# (i+j*x) m]) /(r+1) -
gxj*m/ (r+1) +Int[x~ (r+1) « (a+bxLog[cx (d+exx)~n])~p/ (i+jx),x] -
bxexnxp/ (r+1) +Int X" (r+1) « (a+bxLog[cx (d+exx)n]) A (p-1) # (f+gxLog[hx (i+j*x) m] )/(d+e*x) x| /3
FreeQ[{a,b,c,d,e,f,g,h,i,j,m,n},x] & IGtQ[p,0] & IntegerQ[r] && (EqQ[p,1] || GtQ[r,0]) & NeQ[r,-1]

3: J(k+1x)" (a+blog[c (d+ex)"]) (f+gLog[h (i+3jx)"]) dx whenrez

Derivation: Integration by substitution
Rule: If r € Z, then

j(k+1x)" (a+blog[c (d+ex)"]) (f+gLog[h (i+3x)"]) dx —

dx
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

lSubst[jx" (a+bLog[c (_ek;dl +?]n]] (f+gLog[h (—jk;il +¥]m]] dx, X, k+1x]

1

Program code:

Int[ (k_+1_.*x_)"r_.x(a_.+b_.«Log[c_.»(d_+e_.*x_)"n_.1)*(f_.+g_.xLog[h_.*(i_.+j_.*x_)"m_.]),x_Symbol] :=
1/1%Subst [Int[x r« (a+bsLog[cx (- (exk-dx1) /1+exx/1)*n]) » (F+gxLog[hx (- (jxk-ix1) /L1+j*x/1)*m]),x],x,k+1x]/;
FreeQ[{a,b,c,d,e,f,g,h,i,j,k,1,m,n},x] && IntegerQ[r]

u: J(k+1x)" (a+blogc (d+ex)"])? (F+gLog[h (i+3x)"])%ax

Rule:

j(k+1x)" (a+bLog[c (d+ex)"])? (F+glLog[h (i+3x)"])%dax — J(k+1x)'" (a+blLog[c (d+ex)"])? (F+gLog[h (i+3x)"])%ax

Program code:

Int[(k_.+1_.#X_)~r_.*(a_.+b_.xLog[c_.x(d_+e_.*x_)*n_.1)"p_.* (f_.+g_.*Log[h_.#(i_.+j_.*x_)~m_.])~q_.,x_Symbol] :=
Unintegrable[ (k+1#X) *rx (a+bxLog[Cx (d+exx)~n]) ~p* (f+gxLog[hx (i+jx) m])~q,x] /;

FreeQ[{a,b,c,d,e,f,g,h,i,3,k,1,m,n,p,q,r},x]

PolyLog[k, h+1i bL d nT1)®
10:J-oyog[ +1x] (a+ og[c( rex) ]) dx whenef-dg=0 A gh-fi=0 A pez*

f+gx

Derivation: Integration by substitution
Basis: F[x] = L Subst[F[*¢], x, d+ex] Oy (d+ex)

Rule:lif ef-dg-==-0 Agh-fi=0 Apez, then
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

PolyLog[k, h+ix] (a+blog[c (d+ex)"])? 1
dx — —Subst[ dx, X, d+ex]

f+gx g

J*PolyLog[k, th] (a+blLog[cx"])?

X

Program code:

Int[PolyLog[k_,h_+i_.*x_](a_.+b_.xLog[c_.+(d_+e_.*x_)~n_.1)"p_./(f_+g_.*x_),x_Symbol] :=
1/g+Subst [Int[PolyLog[k,hxx/d] * (a+bxLog[c*x*n])p/x,X],X,d+exx] /;
FreeQ[{a,b,c,d,e,f,g,h,i,k,n},x] && EqQ[exf-dxg,0] && EqQ[gxh-f+i,0] && IGtQ[p,0]

11: JPX F [-F (g+h x)] (a +b Log[c (d + ex) "]) dx when F e {Arcsin, ArcCos, ArcTan, ArcCot, ArcSinh, ArcCosh, ArcTanh, Ar'cCoth}

Derivation: Integration by parts

Basis: Ox (a+ b loglc (d+ex)"]) = 2
Note: If F € {ArcSin, ArcCos, ArcTan, ArcCot, ArcSinh, ArcCosh, ArcTanh, ArcCoth},thetermsofthe

o P, FIf (g:hx)] d
antiderivative of [xFLf (&-hx)]
d+e x

Rule: If F € {ArcSin, ArcCos, ArcTan, ArcCot, ArcSinh, ArcCosh, ArcTanh, ArcCoth}, let
u+JPXF[f (g + hx)] dx,then

~ will be integrable.

JPXF[-F (g+hx)] (a+blog[c (d+ex)"])dx — u(a+blog[c (d+ex)"]) —benj dx

d+ex

Program code:

Int[Px_.*F_[f_.x(g_.+h_.*x_)]*(a_.+b_.xLog[c_.x(d_+e_.*x_)"n_.]),x_Symbol] :=
With[{u=IntHide[Px«F[f* (g+hxx)],x]},
Dist[ (a+bxLog[cx (d+exx)~n]),u,x] - bxexnxInt[SimplifyIntegrand[u/ (d+exx),x1,x]|] /;
FreeQ[{a,b,c,d,e,f,g,h,n},x]| && PolynomialQ[Px,x] &&
MemberQ[{ArcSin, ArcCos, ArcTan, ArcCot, ArcSinh, ArcCosh, ArcTanh, ArcCoth},F]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

N: Ju (a+bLog[cv"])Pdx when v=d+ex

Derivation: Algebraic normalization

Rule: If v == d + e x, then

Ju (a+blog[cv"])?Pdx — Ju (a+blog[c (d+ex)"])?dx

Program code:

Int[u_.*(a_.+b_.xLog[c_.*v_"n_.])"p_.,x_Symbol] :=

Int[ux (a+bxLog[cxExpandToSum[v,x]”*n])*p,x] /;
FreeQ[{a,b,c,n,p},x] & LinearQ[v,x] && Not[LinearMatchQ[v,x]]| && Not[EqQ[n,1] && MatchQ[cxv,e_.x(f_+g_.*x) /; FreeQ[{e,f,g},x]]]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p

Rules for integrands of the form u (a + bLog[c (d (e + fx)™)"])P

S: J‘u (a+bLogfc (d (e+Fx)")"])?dx whenn¢z A - (d#1 A m#1)

Derivation: Integration by substitution

Rule:lf n¢z A - (d+1 A m#1),then

Ju (a+bLogfc (d (e+Ffx)")"])Pdax — Subst[Ju (a+bLog[cd" (e+fx)""])Pdx, cd" (e+Fx)"", c (d (e+fx)'")"]

Program code:

Int[u_.+(a_.+b_.xLog[c_.*(d_.*(e_.+f_.x_)~m_.)~n_])"p_.,x_Symbol] :=
Subst[Int[ux (a+bxLog[cxd"n« (e+fxx)” (mxn)|)~p,x],cxd nx (e+Ffxx)" (m«n),cx (d* (e+fxx)~m)~n] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x| && Not[IntegerQ[n]] && Not[EqQ[d,1] && EqQ[m,1]] &&
IntegralFreeQ[IntHide [ux (a+bxLog[cxd nx (e+fxx)~ (mxn)])p,x]]

u: J.AF[X] (a+bLog[c (d (e+fx)"')"])pdlx

Rule:

JAF[x] (a+bLog[c (d (e+fx)")"])?dx — [AF[x] (a+bLog[c (d (e+Fx)")"])"dx

Program code:

Int[AFx_x (a_.+b_.*Log[c_.(d_.(e_.+F_.x_)"m_.)~n_])"p_.,x_Symbol] :=
Unintegrable [AFxx (a+bxLog[cx (dx (e+fxx)~m)~n])~p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x] && AlgebraicFunctionQ[AFx,x,True]
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Rules for integrands of the form u (a+b log(c (d+e x)"n)"p
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