
Rules for integrands of the form  u (a + b Log[c (d + e x)n])p

1:  a + b Logc (d + e x)n
p
ⅆx

Derivation: Integration by substitution

Rule:

 a + b Logc (d + e x)n
p
ⅆx ⟶

1

e
Subst a + b Logc xn

p
ⅆx, x, d + e x

◼
Program code:

Int[(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol] :=

1/e*Subst[Int[(a+b*Log[c*x^n])^p,x],x,d+e*x] /;

FreeQ[{a,b,c,d,e,n,p},x]



2.  f + g xr
q
a + b Logc (d + e x)n

p
ⅆx

1.  f + g x
q
a + b Logc (d + e x)n

p
ⅆx

1:  f + g x
q
a + b Logc (d + e x)n

p
ⅆx when e f - d g⩵ 0

Derivation: Integration by substitution

Basis: If  e f - d g ⩵ 0, then (f + g x)q F[d + e x] ⩵ 1
e
Subst f x

d

q
F[x], x, d + e x ∂x(d + e x)

◼
Rule: If  e f - d g ⩵ 0, then

 f + g x
q
a + b Logc (d + e x)n

p
ⅆx ⟶

1

e
Subst

f x

d

q

a + b Logc xn
p
ⅆx, x, d + e x

◼
Program code:

Intf_+g_.x_^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

1/e*SubstIntf*x/d^q*(a+b*Log[c*x^n])^p,x,x,d+e*x /;

FreeQa,b,c,d,e,f,g,n,p,q,x && EqQe*f-d*g,0

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 2



2.  f + g x
q
a + b Logc (d + e x)n

p
ⅆx when e f - d g ≠ 0

1.  f + g x
q
a + b Logc (d + e x)n

p
ⅆx when e f - d g ≠ 0 ∧ p > 0

1.  f + g x
q
a + b Logc (d + e x)n ⅆx when e f - d g ≠ 0

1. 

a + b Logc (d + e x)n

f + g x
ⅆx when e f - d g ≠ 0 ∧ p ∈ ℤ+

1. 

a + b Log[c (d + e x)]

x
ⅆx when c d > 0

1: 

Logc d + e xn

x
ⅆx when c d⩵ 1

Rule: If  c d ⩵ 1, then



Logc d + e xn

x
ⅆx ⟶ -

PolyLog2, -c e xn

n

Program code:

Int[Log[c_.*(d_+e_.*x_^n_.)]/x_,x_Symbol] :=

-PolyLog[2,-c*e*x^n]/n /;

FreeQ[{c,d,e,n},x] && EqQ[c*d,1]

2: 

a + b Log[c (d + e x)]

x
ⅆx when c d > 0

Derivation: Algebraic expansion

Basis: If  c d > 0, then Log[c (d + e x)] ⩵ Log[c d] + Log1 + e x
d


◼
Rule: If  c d > 0, then
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a + b Log[c (d + e x)]

x
ⅆx ⟶ (a + b Log[c d]) Log[x] + b



Log1 +
e x

d


x
ⅆx

◼
Program code:

Int[(a_.+b_.*Log[c_.*(d_+e_.*x_)])/x_,x_Symbol] :=

(a+b*Log[c*d])*Log[x] + b*Int[Log[1+e*x/d]/x,x] /;

FreeQ[{a,b,c,d,e},x] && GtQ[c*d,0]

2: 

a + b Log[c (d + e x)]

f + g x
ⅆx when e f - d g ≠ 0 ∧ g + c e f - d g ⩵ 0

Derivation: Integration by substitution

Basis: If  g + c (e f - d g) ⩵ 0, then F[c (d + e x)] ⩵ 1
g
SubstF1 + c e x

g
, x, f + g x ∂x(f + g x)

◼
Rule: If  e f - d g ≠ 0 ∧ g + c (e f - d g) ⩵ 0, then



a + b Log[c (d + e x)]

f + g x
ⅆx ⟶

1

g
Subst



a + b Log1 +
c e x

g


x
ⅆx, x, f + g x

Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)])f_.+g_.x_,x_Symbol :=

1/g*SubstInt[(a+b*Log[1+c*e*x/g])/x,x],x,f+g*x /;

FreeQa,b,c,d,e,f,g,x && NeQe*f-d*g,0 && EqQg+c*e*f-d*g,0

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 4



3: 

a + b Logc (d + e x)n

f + g x
ⅆx when e f - d g ≠ 0

Derivation: Integration by parts

Basis: 1
f+g x

⩵ 1
g
∂x Log

e (f+g x)
e f-d g



◼
Rule: If  e f - d g ≠ 0, then



a + b Logc (d + e x)n

f + g x
ⅆx ⟶

Log e (f+g x)

e f-d g
 a + b Logc (d + e x)n

g
-
b e n

g


Log e (f+g x)

e f-d g


d + e x
ⅆx

◼
Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])f_.+g_.x_,x_Symbol :=

Loge*f+g*xe*f-d*g*(a+b*Log[c*(d+e*x)^n])/g - b*e*n/g*IntLoge*f+g*xe*f-d*g(d+e*x),x /;

FreeQa,b,c,d,e,f,g,n,x && NeQe*f-d*g,0
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2:  f + g x
q
a + b Logc (d + e x)n ⅆx when e f - d g ≠ 0 ∧ q ≠ -1

Reference: G&R 2.728.1, CRC 501, A&S 4.1.50'

Derivation: Integration by parts

Basis: f + g xq ⩵ ∂x
(f+g x)q+1

g (q+1)

◼
Rule: If  e f - d g ≠ 0 ∧ q ≠ -1, then

 f + g x
q
a + b Logc (d + e x)n ⅆx ⟶

f + g x
q+1

a + b Logc (d + e x)n

g (q + 1)
-

b e n

g (q + 1)


f + g x
q+1

d + e x
ⅆx

◼
Program code:

Intf_.+g_.*x_^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.]),x_Symbol :=

f+g*x^(q+1)*(a+b*Log[c*(d+e*x)^n])/(g*(q+1)) -

b*e*n/(g*(q+1))*Intf+g*x^(q+1)(d+e*x),x /;

FreeQa,b,c,d,e,f,g,n,q,x && NeQe*f-d*g,0 && NeQ[q,-1]

2: 

a + b Logc (d + e x)n
p

f + g x
ⅆx when e f - d g ≠ 0 ∧ p - 1 ∈ ℤ+

Derivation: Integration by parts

Basis: 1
f+g x

⩵ 1
g
∂x Log

e (f+g x)
e f-d g



Basis: ∂x(a + b Log[c (d + e x)n])p ⩵ b e n p (a+b Log[c (d+e x)n])p-1

d+e x
◼

Rule: If  e f - d g ≠ 0 ∧ p - 1 ∈ ℤ+, then
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a + b Logc (d + e x)n
p

f + g x
ⅆx ⟶

Log e (f+g x)

e f-d g
 a + b Logc (d + e x)n

p

g
-
b e n p

g


Log e (f+g x)

e f-d g
 a + b Logc (d + e x)n

p-1

d + e x
ⅆx

◼
Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_f_.+g_.x_,x_Symbol :=

Loge*f+g*xe*f-d*g*(a+b*Log[c*(d+e*x)^n])^p/g -

b*e*n*p/g*IntLoge*f+g*xe*f-d*g*(a+b*Log[c*(d+e*x)^n])^(p-1)/(d+e*x),x /;

FreeQa,b,c,d,e,f,g,n,p,x && NeQe*f-d*g,0 && IGtQ[p,1]

3: 

a + b Logc (d + e x)n
p

f + g x
2

ⅆx when e f - d g ≠ 0 ∧ p > 0

◼
Derivation: Integration by parts

◼
Basis: 1

(f+g x)2
⩵ ∂x

d+e x
(e f-d g) (f+g x)

◼
Rule: If  e f - d g ≠ 0 ∧ p > 0, then



a + b Logc (d + e x)n
p

f + g x
2

ⅆx ⟶
(d + e x) a + b Logc (d + e x)n

p

e f - d g f + g x
-

b e n p

e f - d g


a + b Logc (d + e x)n
p-1

f + g x
ⅆx

◼
Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_f_.+g_.*x_^2,x_Symbol :=

(d+e*x)*(a+b*Log[c*(d+e*x)^n])^pe*f-d*g*f+g*x -

b*e*n*pe*f-d*g*Int(a+b*Log[c*(d+e*x)^n])^(p-1)f+g*x,x /;

FreeQa,b,c,d,e,f,g,n,x && NeQe*f-d*g,0 && GtQ[p,0]

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 7



4:  f + g x
q
a + b Logc (d + e x)n

p
ⅆx when e f - d g ≠ 0 ∧ p > 0 ∧ q ≠ -1

Reference: G&R 2.728.1, CRC 501, A&S 4.1.50'

Derivation: Integration by parts

Basis: f + g xq ⩵ ∂x
(f+g x)q+1

g (q+1)

◼
Rule: If  e f - d g ≠ 0 ∧ p > 0 ∧ q ≠ -1, then

 f + g x
q
a + b Logc (d + e x)n

p
ⅆx ⟶

f + g x
q+1

a + b Logc (d + e x)n
p

g (q + 1)
-

b e n p

g (q + 1)


f + g x
q+1

a + b Logc (d + e x)n
p-1

d + e x
ⅆx

◼
Program code:

Intf_.+g_.*x_^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_,x_Symbol :=

f+g*x^(q+1)*(a+b*Log[c*(d+e*x)^n])^p/(g*(q+1)) -

b*e*n*p/(g*(q+1))*Intf+g*x^(q+1)*(a+b*Log[c*(d+e*x)^n])^(p-1)/(d+e*x),x /;

FreeQa,b,c,d,e,f,g,n,q,x && NeQe*f-d*g,0 && GtQ[p,0] && NeQ[q,-1] && IntegersQ[2*p,2*q] &&

(Not[IGtQ[q,0]] || EqQ[p,2] && NeQ[q,1])

2.  f + g x
q
a + b Logc (d + e x)n

p
ⅆx when e f - d g ≠ 0 ∧ p < 0

1: 

f + g x
q

a + b Logc (d + e x)n
ⅆx when e f - d g ≠ 0 ∧ q ∈ ℤ+

◼
Derivation: Algebraic expansion

◼
Note: ExpandIntegrand expresses f + g x

q as a polynomial in d + e x so the above rule for when e f - d g⩵ 0 will apply.
◼

Rule: If  e f - d g ≠ 0 ∧ q ∈ ℤ+, then
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f + g x
q

a + b Logc (d + e x)n
ⅆx ⟶  ExpandIntegrand

f + g x
q

a + b Logc (d + e x)n
, x ⅆx

◼
Program code:

Intf_.+g_.*x_^q_.(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.]),x_Symbol :=

IntExpandIntegrandf+g*x^q(a+b*Log[c*(d+e*x)^n]),x,x /;

FreeQa,b,c,d,e,f,g,n,x && NeQe*f-d*g,0 && IGtQ[q,0]

2:  f + g x
q
a + b Logc (d + e x)n

p
ⅆx when e f - d g ≠ 0 ∧ p < -1 ∧ q > 0

◼
Rule: If  e f - d g ≠ 0 ∧ p < -1 ∧ q > 0, then

 f + g x
q
a + b Logc (d + e x)n

p
ⅆx ⟶

(d + e x) f + g x
q
a + b Logc (d + e x)n

p+1

b e n (p + 1)
+

q e f - d g

b e n (p + 1)
 f + g x

q-1
a + b Logc (d + e x)n

p+1
ⅆx -

q + 1

b n (p + 1)
 f + g x

q
a + b Logc (d + e x)n

p+1
ⅆx

◼
Program code:

Intf_.+g_.*x_^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_,x_Symbol :=

(d+e*x)*f+g*x^q*(a+b*Log[c*(d+e*x)^n])^(p+1)/(b*e*n*(p+1)) +

q*e*f-d*g(b*e*n*(p+1))*Intf+g*x^(q-1)*(a+b*Log[c*(d+e*x)^n])^(p+1),x -

(q+1)/(b*n*(p+1))*Intf+g*x^q*(a+b*Log[c*(d+e*x)^n])^(p+1),x /;

FreeQa,b,c,d,e,f,g,n,x && NeQe*f-d*g,0 && LtQ[p,-1] && GtQ[q,0]

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 9



3:  f + g x
q
a + b Logc (d + e x)n

p
ⅆx when e f - d g ≠ 0 ∧ q ∈ ℤ+

◼
Derivation: Algebraic expansion

◼
Note: ExpandIntegrand expresses f + g x

q as a polynomial in d + e x so the above rules for when e f - d g⩵ 0 will apply.

Rule: If  e f - d g ≠ 0 ∧ q ∈ ℤ+, then

 f + g x
q
a + b Logc (d + e x)n

p
ⅆx ⟶  ExpandIntegrandf + g x

q
a + b Logc (d + e x)n

p
, x ⅆx

Program code:

Intf_.+g_.*x_^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_,x_Symbol :=

IntExpandIntegrandf+g*x^q*(a+b*Log[c*(d+e*x)^n])^p,x,x /;

FreeQa,b,c,d,e,f,g,n,p,x && NeQe*f-d*g,0 && IGtQ[q,0]

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 10



2.


a + b Log c

d+e x


f + g x2
ⅆx when e2 f + d2 g⩵ 0 ∧

c

2 d
> 0

1:


Log 2 d

d+e x


f + g x2
ⅆx when e2 f + d2 g⩵ 0

Derivation: Integration by substitution
◼

Basis: If  e2 f + d2 g ⩵ 0, then F
1

d+e x


f+g x2
⩵ - e

g
Subst F[x]

1-2 d x
, x, 1

d+e x
 ∂x

1
d+e x

◼
Rule: If  e2 f + d2 g ⩵ 0, then



Log 2 d

d+e x


f + g x2
ⅆx ⟶ -

e

g
Subst

Log[2 d x]

1 - 2 d x
ⅆx, x,

1

d + e x


◼
Program code:

IntLog[c_./(d_+e_.*x_)]f_+g_.*x_^2,x_Symbol :=

-e/g*Subst[Int[Log[2*d*x]/(1-2*d*x),x],x,1/(d+e*x)] /;

FreeQc,d,e,f,g,x && EqQ[c,2*d] && EqQe^2*f+d^2*g,0

2:


a + b Log c

d+e x


f + g x2
ⅆx when e2 f + d2 g⩵ 0 ∧

c

2 d
> 0

◼
Derivation: Algebraic expansion

◼
Basis: If c

2 d
> 0, then Log c

d+e x
 ⩵ Log c

2 d
 Log 2 d

d+e x


◼
Rule: If  e2 f + d2 g ⩵ 0 ∧ c

2 d
> 0, then

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 11





a + b Log c

d+e x


f + g x2
ⅆx ⟶ a + b Log

c

2 d
 

1

f + g x2
ⅆx + b



Log 2 d

d+e x


f + g x2
ⅆx

Program code:

Int(a_.+b_.*Log[c_./(d_+e_.*x_)])f_+g_.*x_^2,x_Symbol :=

(a+b*Log[c/(2*d)])*Int1f+g*x^2,x + b*IntLog[2*d/(d+e*x)]f+g*x^2,x /;

FreeQa,b,c,d,e,f,g,x && EqQe^2*f+d^2*g,0 && GtQ[c/(2*d),0]

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 12



3. 

a + b Logc (d + e x)n

f + g x2
ⅆx

1: 

a + b Logc (d + e x)n

f + g x2
ⅆx when f > 0

◼
Derivation: Integration by parts

◼
Basis: ∂x(a + b Log[c (d + e x)n]) ⩵ b e n

d+e x

◼
Note: If  f > 0, then  1

f+g x2
ⅆx involves the inverse sine of a linear function of x, otherwise it involves the inverse 

tangent of a nonlinear function of x.
◼

Rule: If  f > 0,  let u → 
1

f+g x2
ⅆx, then



a + b Logc (d + e x)n

f + g x2
ⅆx ⟶ u a + b Logc (d + e x)n - b e n 

u

d + e x
ⅆx

◼
Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])Sqrtf_+g_.*x_^2,x_Symbol :=

Withu=IntHide1Sqrtf+g*x^2,x,

u*(a+b*Log[c*(d+e*x)^n]) - b*e*n*IntSimplifyIntegrand[u/(d+e*x),x],x /;

FreeQa,b,c,d,e,f,g,n,x && GtQf,0

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])Sqrtf1_+g1_.*x_*Sqrtf2_+g2_.*x_,x_Symbol :=

Withu=IntHide1Sqrtf1*f2+g1*g2*x^2,x,

u*(a+b*Log[c*(d+e*x)^n]) - b*e*n*IntSimplifyIntegrand[u/(d+e*x),x],x /;

FreeQa,b,c,d,e,f1,g1,f2,g2,n,x && EqQf2*g1+f1*g2,0 && GtQf1,0 && GtQf2,0

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 13



2: 

a + b Logc (d + e x)n

f + g x2
ⅆx when f ≯ 0

Derivation: Piecewise constant extraction

Basis: ∂x
1+ g

f
x2

f+g x2
⩵ 0

◼
Rule: If  f ≯ 0, then



a + b Logc (d + e x)n

f + g x2
ⅆx ⟶

1 +
g

f
x2

f + g x2


a + b Logc (d + e x)n

1 +
g

f
x2

ⅆx

◼
Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])Sqrtf_+g_.*x_^2,x_Symbol :=

Sqrt1+gf*x^2Sqrtf+g*x^2*Int(a+b*Log[c*(d+e*x)^n])Sqrt1+gf*x^2,x /;

FreeQa,b,c,d,e,f,g,n,x && NotGtQf,0

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])Sqrtf1_+g1_.*x_*Sqrtf2_+g2_.*x_,x_Symbol :=

Sqrt1+g1*g2f1*f2*x^2Sqrtf1+g1*x*Sqrtf2+g2*x*Int(a+b*Log[c*(d+e*x)^n])Sqrt1+g1*g2f1*f2*x^2,x /;

FreeQa,b,c,d,e,f1,g1,f2,g2,n,x && EqQf2*g1+f1*g2,0

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 14



4:  f + g xr
q
a + b Logc (d + e x)n

p
ⅆx when r ∈  ∧ p ∈ ℤ+

Derivation: Integration by substitution

Basis: If  k ∈ ℤ+, then F[x] ⩵ k Substxk-1 Fxk, x, x1/k ∂x x
1/k

Rule: If  r ∈  ∧ p ∈ ℤ+, let k → Denominator[r], then

 f + g xr
q
a + b Logc (d + e x)n

p
ⅆx ⟶ k Subst xk-1 f + g xk r

q
a + b Logc d + e xk

n


p
ⅆx, x, x1k

Program code:

Intf_.+g_.*x_^r_^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

Withk=Denominator[r],

k*SubstIntx^(k-1)*f+g*x^(k*r)^q*(a+b*Log[c*(d+e*x^k)^n])^p,x,x,x^(1/k) /;

FreeQa,b,c,d,e,f,g,n,p,q,x && FractionQ[r] && IGtQ[p,0]

5:  f + g xr
q
a + b Logc (d + e x)n

p
ⅆx when p ∈ ℤ+ ∧ q ∈ ℤ ∧ (q > 0 ∨ (r ∈ ℤ ∧ r ≠ 1))

Derivation: Algebraic expansion
◼

Rule: If  p ∈ ℤ+ ∧ q ∈ ℤ ∧ (q > 0 ∨ (r ∈ ℤ ∧ r ≠ 1)), then

 f + g xr
q
a + b Logc (d + e x)n

p
ⅆx ⟶  a + b Logc (d + e x)n

p
ExpandIntegrandf + g xr

q
, x ⅆx

◼
Program code:

Intf_+g_.*x_^r_^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

IntExpandIntegrand(a+b*Log[c*(d+e*x)^n])^p,f+g*x^r^q,x,x /;

FreeQa,b,c,d,e,f,g,n,r,x && IGtQ[p,0] && IntegerQ[q] && (GtQ[q,0] || IntegerQ[r] && NeQ[r,1])

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 15



3.  f + g x
q
h + i x

r
a + b Logc (d + e x)n

p
ⅆx when e f - d g⩵ 0

1: 

xm Log[c (d + e x)]

f + g x
ⅆx when e f - d g⩵ 0 ∧ c d⩵ 1 ∧ m ∈ ℤ

Derivation: Algebraic expansion

Rule: If  e f - d g ⩵ 0 ∧ c d ⩵ 1 ∧ m ∈ ℤ, then



xm Log[c (d + e x)]

f + g x
ⅆx ⟶  Log[c (d + e x)] ExpandIntegrand

xm

f + g x
, x ⅆx

◼
Program code:

Intx_^m_.*Log[c_.*(d_+e_.*x_)]f_+g_.x_,x_Symbol :=

IntExpandIntegrandLog[c*(d+e*x)],x^mf+g*x,x,x /;

FreeQc,d,e,f,g,x && EqQe*f-d*g,0 && EqQ[c*d,1] && IntegerQ[m]
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2:  f + g x
q
h + i x

r
a + b Logc (d + e x)n

p
ⅆx when e f - d g⩵ 0

Derivation: Integration by substitution

Basis: F[x] ⩵ 1
e
SubstF x-d

e
, x, d + e x ∂x(d + e x)

◼
Rule: If  e f - d g ⩵ 0, then

 f + g x
q
h + i x

r
a + b Logc (d + e x)n

p
ⅆx ⟶

1

e
Subst 

g x

e

q e h - d i

e
+
i x

e

r

a + b Logc xn
p
ⅆx, x, d + e x

◼
Program code:

Intf_.+g_.x_^q_.*h_.+i_.x_^r_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

1/e*SubstInt(g*x/e)^q*e*h-d*ie+i*x/e^r*(a+b*Log[c*x^n])^p,x,x,d+e*x /;

FreeQa,b,c,d,e,f,g,h,i,n,p,q,r,x && EqQe*f-d*g,0 && (IGtQ[p,0] || IGtQ[r,0]) && IntegerQ[2*r]
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4.  (h x)m f + g xr
q
a + b Logc (d + e x)n

p
ⅆx

1:  xm f +
g

x

q

a + b Logc (d + e x)n
p
ⅆx when m⩵ q ∧ q ∈ ℤ

◼
Derivation: Algebraic simplification

◼
Rule: If  m ⩵ q ∧ q ∈ ℤ, then

 xm f +
g

x

q

a + b Logc (d + e x)n
p
ⅆx ⟶  g + f x

q
a + b Logc (d + e x)n

p
ⅆx

◼
Program code:

Intx_^m_.*f_+g_./x_^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

Intg+f*x^q*(a+b*Log[c*(d+e*x)^n])^p,x /;

FreeQa,b,c,d,e,f,g,m,n,p,q,x && EqQ[m,q] && IntegerQ[q]
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2:  xm f + g xr
q
a + b Logc (d + e x)n

p
ⅆx when m⩵ r - 1 ∧ q ≠ -1 ∧ p ∈ ℤ+

Derivation: Integration by parts
◼

Basis: If  m ⩵ r - 1 ∧ q ≠ -1, then xm (f + g xr)q ⩵ ∂x
(f+g xr)q+1

g r (q+1)
◼

Rule: If  m ⩵ r - 1 ∧ q ≠ -1 ∧ p ∈ ℤ+, then

 xm f + g xr
q
a + b Logc (d + e x)n

p
ⅆx ⟶

f + g xr
q+1

a + b Logc (d + e x)n
p

g r (q + 1)
-

b e n p

g r (q + 1)


f + g xr
q+1

a + b Logc (d + e x)n
p-1

d + e x
ⅆx

◼
Program code:

Intx_^m_.*f_.+g_.*x_^r_.^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

f+g*x^r^(q+1)*(a+b*Log[c*(d+e*x)^n])^p/(g*r*(q+1)) -

b*e*n*p/(g*r*(q+1))*Intf+g*x^r^(q+1)*(a+b*Log[c*(d+e*x)^n])^(p-1)/(d+e*x),x /;

FreeQa,b,c,d,e,f,g,m,n,q,r,x && EqQ[m,r-1] && NeQ[q,-1] && IGtQ[p,0]
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3:  xm f + g xr
q
a + b Logc (d + e x)n ⅆx when m ∈ ℤ ∧ q ∈ ℤ ∧ r ∈ ℤ

Derivation: Integration by parts
◼

Basis: ∂x(a + b Log[c (d + e x)n]) ⩵ b e n
d+e x

Rule: If  m ∈ ℤ ∧ q ∈ ℤ ∧ r ∈ ℤ, let u → ∫xm (f + g xr)q ⅆx, then

 xm f + g xr
q
a + b Logc (d + e x)n ⅆx ⟶ u a + b Logc (d + e x)n - b e n 

u

d + e x
ⅆx

◼
Program code:

Intx_^m_.*f_+g_.*x_^r_.^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.]),x_Symbol :=

Withu=IntHidex^m*f+g*x^r^q,x,

Dist[(a+b*Log[c*(d+e*x)^n]),u,x] - b*e*n*IntSimplifyIntegrand[u/(d+e*x),x],x /;

InverseFunctionFreeQ[u,x] /;

FreeQa,b,c,d,e,f,g,m,n,q,r,x && IntegerQ[m] && IntegerQ[q] && IntegerQ[r]

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 20



4:  xm f + g xr
q
a + b Logc (d + e x)n

p
ⅆx when r ∈  ∧ p ∈ ℤ+ ∧ m ∈ ℤ

Derivation: Integration by substitution

Basis: If  k ∈ ℤ+, then F[x] ⩵ k Substxk-1 Fxk, x, x1/k ∂x x
1/k

Rule: If  r ∈  ∧ p ∈ ℤ+ ∧ m ∈ ℤ, let k → Denominator[r], then

 xm f + g xr
q
a + b Logc (d + e x)n

p
ⅆx ⟶ k Subst xk (m+1)-1

f + g xk r
q
a + b Logc d + e xk

n


p
ⅆx, x, x1k

Program code:

Intx_^m_.*f_.+g_.*x_^r_^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

Withk=Denominator[r],

k*SubstIntx^(k*(m+1)-1)*f+g*x^(k*r)^q*(a+b*Log[c*(d+e*x^k)^n])^p,x,x,x^(1/k) /;

FreeQa,b,c,d,e,f,g,n,p,q,x && FractionQ[r] && IGtQ[p,0] && IntegerQ[m]

5:  (h x)m f + g xr
q
a + b Logc (d + e x)n

p
ⅆx when m ∈ ℤ ∧ q ∈ ℤ

Derivation: Algebraic expansion
◼

Rule: If  m ∈ ℤ ∧ q ∈ ℤ, then

 (h x)m f + g xr
q
a + b Logc (d + e x)n

p
ⅆx ⟶  ExpandIntegranda + b Logc (d + e x)n


p
, (h x)m f + g xr

q
, x ⅆx

◼
Program code:

Int(h_.*x_)^m_.*f_+g_.*x_^r_.^q_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

IntExpandIntegrand(a+b*Log[c*(d+e*x)^n])^p,(h*x)^m*f+g*x^r^q,x,x /;

FreeQa,b,c,d,e,f,g,h,m,n,p,q,r,x && IntegerQ[m] && IntegerQ[q]
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5.  AF[x] a + b Logc (d + e x)n
p
ⅆx

1:  Poly[x] a + b Logc (d + e x)n
p
ⅆx

Derivation: Algebraic expansion
◼

Rule:

 Poly[x] a + b Logc (d + e x)n
p
ⅆx ⟶  ExpandIntegrandPoly[x] a + b Logc (d + e x)n


p
, x ⅆx

◼
Program code:

Int[Polyx_*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol] :=

Int[ExpandIntegrand[Polyx*(a+b*Log[c*(d+e*x)^n])^p,x],x] /;

FreeQ[{a,b,c,d,e,n,p},x] && PolynomialQ[Polyx,x]

2:  RF[x] a + b Logc (d + e x)n
p
ⅆx when p ∈ ℤ

Derivation: Algebraic expansion
◼

Rule: If  p ∈ ℤ, then

 RF[x] a + b Logc (d + e x)n
p
ⅆx ⟶  a + b Logc (d + e x)n

p
ExpandIntegrand[RF[x], x] ⅆx

◼
Program code:

Int[RFx_*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol] :=

With[{u=ExpandIntegrand[(a+b*Log[c*(d+e*x)^n])^p,RFx,x]},

Int[u,x] /;

SumQ[u]] /;

FreeQ[{a,b,c,d,e,n},x] && RationalFunctionQ[RFx,x] && IntegerQ[p]
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Int[RFx_*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol] :=

With[{u=ExpandIntegrand[RFx*(a+b*Log[c*(d+e*x)^n])^p,x]},

Int[u,x] /;

SumQ[u]] /;

FreeQ[{a,b,c,d,e,n},x] && RationalFunctionQ[RFx,x] && IntegerQ[p]

U:  AF[x] a + b Logc (d + e x)n
p
ⅆx

◼
Rule:

 AF[x] a + b Logc (d + e x)n
p
ⅆx ⟶  AF[x] a + b Logc (d + e x)n

p
ⅆx

◼
Program code:

Int[AFx_*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol] :=

Unintegrable[AFx*(a+b*Log[c*(d+e*x)^n])^p,x] /;

FreeQ[{a,b,c,d,e,n,p},x] && AlgebraicFunctionQ[AFx,x,True]

N:  uq a + b Logc vn
p
ⅆx when u⩵ f + g xr ∧ v⩵ d + e x

Derivation: Algebraic normalization
◼

Rule: If  u ⩵ f + g xr ∧ v ⩵ d + e x, then

 uq a + b Logc vn
p
ⅆx ⟶  f + g x

q
a + b Logc (d + e x)n

p
ⅆx

◼
Program code:

Int[u_^q_.*(a_.+b_.*Log[c_.*v_^n_.])^p_.,x_Symbol] :=

Int[ExpandToSum[u,x]^q*(a+b*Log[c*ExpandToSum[v,x]^n])^p,x] /;

FreeQ[{a,b,c,n,p,q},x] && BinomialQ[u,x] && LinearQ[v,x] && NotBinomialMatchQ[u,x] && LinearMatchQ[v,x]
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6.  Logf xm a + b Logc (d + e x)n
p
ⅆx

1:  Logf xm a + b Logc (d + e x)n ⅆx

Derivation: Integration by parts
◼

Basis: Log[f xm] ⩵ -∂x(x (m - Log[f xm]))
◼

Rule:

 Logf xm a + b Logc (d + e x)n ⅆx ⟶

-x m - Logf xm a + b Logc (d + e x)n + b e m n 

x

d + e x
ⅆx - b e n 

x Logf xm

d + e x
ⅆx

◼
Program code:

IntLogf_.*x_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.]),x_Symbol :=

-x*m-Logf*x^m*(a+b*Log[c*(d+e*x)^n]) + b*e*m*n*Int[x/(d+e*x),x] - b*e*n*Intx*Logf*x^m(d+e*x),x /;

FreeQa,b,c,d,e,f,m,n,x
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2:  Logf xm a + b Logc (d + e x)n
p
ⅆx when p - 1 ∈ ℤ+

Derivation: Integration by parts
◼

Rule: If  p - 1 ∈ ℤ+, let u → ∫(a + b Log[c (d + e x)n])p ⅆx, then

 Logf xm a + b Logc (d + e x)n
p
ⅆx ⟶ u Logf xm - m 

u

x
ⅆx

◼
Program code:

IntLogf_.*x_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_,x_Symbol :=

Withu=IntHide[(a+b*Log[c*(d+e*x)^n])^p,x],

DistLogf*x^m,u,x - m*IntDist[1/x,u,x],x /;

FreeQa,b,c,d,e,f,m,n,x && IGtQ[p,1]

U:  Logf xm a + b Logc (d + e x)n
p
ⅆx

◼
Rule:

 Logf xm a + b Logc (d + e x)n
p
ⅆx ⟶  Logf xm a + b Logc (d + e x)n

p
ⅆx

Program code:

IntLogf_.*x_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

UnintegrableLogf*x^m*(a+b*Log[c*(d+e*x)^n])^p,x /;

FreeQa,b,c,d,e,f,m,n,p,x
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7.  (g x)q Logf xm a + b Logc (d + e x)n
p
ⅆx

1.  (g x)q Logf xm a + b Logc (d + e x)n ⅆx

1: 

Logf xm a + b Logc (d + e x)n

x
ⅆx

Derivation: Integration by parts
◼

Basis: Log[f xm]
x

⩵ ∂x
Log[f xm]2

2 m
◼

Rule:



Logf xm a + b Logc (d + e x)n

x
ⅆx ⟶

Logf xm
2
a + b Logc (d + e x)n

2 m
-
b e n

2 m


Logf xm
2

d + e x
ⅆx

◼
Program code:

IntLogf_.*x_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])/x_,x_Symbol :=

Logf*x^m^2*(a+b*Log[c*(d+e*x)^n])/(2*m) - b*e*n/(2*m)*IntLogf*x^m^2(d+e*x),x /;

FreeQa,b,c,d,e,f,m,n,x

2:  (g x)q Logf xm a + b Logc (d + e x)n ⅆx when q ≠ -1

Derivation: Integration by parts
◼

Basis: (g x)q Log[f xm] ⩵ - 1
g (q+1)

∂x
m (g x)q+1

q+1
- (g x)q+1 Log[f xm]

◼
Rule: If  q ≠ -1, then

 (g x)q Logf xm a + b Logc (d + e x)n ⅆx ⟶
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-
1

g (q + 1)

m (g x)q+1

q + 1
- (g x)q+1 Logf xm a + b Logc (d + e x)n +

b e m n

g (q + 1)2


(g x)q+1

d + e x
ⅆx -

b e n

g (q + 1)


(g x)q+1 Logf xm

d + e x
ⅆx

◼
Program code:

Int(g_.*x_)^q_.*Logf_.*x_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.]),x_Symbol :=

-1/(g*(q+1))*m*(g*x)^(q+1)/(q+1)-(g*x)^(q+1)*Logf*x^m*(a+b*Log[c*(d+e*x)^n]) +

b*e*m*n/(g*(q+1)^2)*Int[(g*x)^(q+1)/(d+e*x),x] -

b*e*n/(g*(q+1))*Int(g*x)^(q+1)*Logf*x^m(d+e*x),x /;

FreeQa,b,c,d,e,f,g,m,n,q,x && NeQ[q,-1]

?: 

Logf xm a + b Logc (d + e x)n
p

x
ⅆx when p ∈ ℤ+

Derivation: Integration by parts
◼

Basis: Log[f xm]
x

⩵ ∂x
Log[f xm]2

2 m
◼

Rule: If  p ∈ ℤ+, then



Logf xm a + b Logc (d + e x)n
p

x
ⅆx ⟶

Logf xm
2
a + b Logc (d + e x)n

p

2 m
-
b e n p

2 m


Logf xm
2
a + b Logc (d + e x)n

p-1

d + e x
ⅆx

Program code:

IntLogf_.*x_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_./x_,x_Symbol :=

Logf*x^m^2*(a+b*Log[c*(d+e*x)^n])^p/(2*m) - b*e*n*p/(2*m)*IntLogf*x^m^2*(a+b*Log[c*(d+e*x)^n])^(p-1)/(d+e*x),x /;

FreeQa,b,c,d,e,f,m,n,x && IGtQ[p,0]
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2:  (g x)q Logf xm a + b Logc (d + e x)n
p
ⅆx when p - 1 ∈ ℤ+ ∧ q ∈ ℤ+

Derivation: Integration by parts
◼

Rule: If  p - 1 ∈ ℤ+ ∧ q ∈ ℤ+, let u → ∫(g x)q (a + b Log[c (d + e x)n])p ⅆx, then

 (g x)q Logf xm a + b Logc (d + e x)n
p
ⅆx ⟶ u Logf xm - m 

u

x
ⅆx

◼
Program code:

Int(g_.*x_)^q_.*Logf_.*x_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_,x_Symbol :=

Withu=IntHide[(g*x)^q*(a+b*Log[c*(d+e*x)^n])^p,x],

DistLogf*x^m,u,x - m*IntDist[1/x,u,x],x /;

FreeQa,b,c,d,e,f,g,m,n,q,x && IGtQ[p,1] && IGtQ[q,0]
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x:  (g x)q Logf xm a + b Logc (d + e x)n
p
ⅆx when p - 1 ∈ ℤ+

Derivation: Integration by parts
◼

Basis: ∂x((g x)q Log[f xm]) ⩵ g m (g x)q-1 + g q (g x)q-1 Log[f xm]

Rule: If  p - 1 ∈ ℤ+, let u → ∫(a + b Log[c (d + e x)n])p ⅆx, then

 (g x)q Logf xm a + b Logc (d + e x)n
p
ⅆx ⟶ u (g x)q Logf xm - g m  u (g x)q-1 ⅆx - g q  u (g x)q-1 Logf xm ⅆx

Program code:

(* Int(g_.*x_)^q_.*Logf_.*x_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_,x_Symbol :=

Withu=IntHide[(a+b*Log[c*(d+e*x)^n])^p,x],

Dist(g*x)^q*Logf*x^m,u,x - g*m*IntDist[(g*x)^(q-1),u,x],x - g*q*IntDist(g*x)^(q-1)*Logf*x^m,u,x,x /;

FreeQa,b,c,d,e,f,g,m,n,q,x && IGtQ[p,1] *)

U:  (g x)q Logf xm a + b Logc (d + e x)n
p
ⅆx

◼
Rule:

 (g x)q Logf xm a + b Logc (d + e x)n
p
ⅆx ⟶  (g x)q Logf xm a + b Logc (d + e x)n

p
ⅆx

◼
Program code:

Int(g_.*x_)^q_.*Logf_.*x_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

Unintegrable(g*x)^q*Logf*x^m*(a+b*Log[c*(d+e*x)^n])^p,x /;

FreeQa,b,c,d,e,f,g,m,n,p,q,x
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8.  a + b Logc (d + e x)n
p
f + g Logh i + j x

m


q
ⅆx

1:  Logf (g + h x)m a + b Logc (d + e x)n
p
ⅆx when e g - d h⩵ 0

Derivation: Integration by substitution

Basis: If  e g - d h ⩵ 0, then F[g + h x, x] ⩵ 1
e
SubstF g x

d
, x-d

e
, x, d + e x ∂x(d + e x)

Rule: If  e g - d h ⩵ 0, then

 Logf (g + h x)m a + b Logc (d + e x)n
p
ⅆx ⟶

1

e
Subst Logf 

g x

d

m

 a + b Logc xn
p
ⅆx, x, d + e x

◼
Program code:

IntLogf_.*(g_.+h_.*x_)^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.,x_Symbol :=

1/e*SubstIntLogf*(g*x/d)^m*(a+b*Log[c*x^n])^p,x,x,d+e*x /;

FreeQa,b,c,d,e,f,g,h,m,n,p,x && EqQe*f-d*g,0
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2:  a + b Logc (d + e x)n f + g Logc (d + e x)n ⅆx

Derivation: Integration by parts

Basis: ∂x((a + b Log[c (d + e x)n]) (f + g Log[c (d + e x)n])) ⩵ e n (b f+a g+2 b g Log[c (d+e x)n])

d+e x
◼

Rule:

 a + b Logc (d + e x)n f + g Logc (d + e x)n ⅆx ⟶

x a + b Logc (d + e x)n f + g Logc (d + e x)n - e n 

x b f + a g + 2 b g Logc (d + e x)n

d + e x
ⅆx

◼
Pmogram code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])*f_.+g_.*Log[c_.*(d_+e_.*x_)^n_.],x_Symbol :=

x*(a+b*Log[c*(d+e*x)^n])*f+g*Log[c*(d+e*x)^n] -

e*n*Intx*b*f+a*g+2*b*g*Log[c*(d+e*x)^n](d+e*x),x /;

FreeQa,b,c,d,e,f,g,n,x

3:  a + b Logc (d + e x)n
p
f + g Logh i + j x

m
 ⅆx when p ∈ ℤ+

Derivation: Integration by parts

Basis: ∂x((f + g Log[h (i + j x)m]) (a + b Log[c (d + e x)n])p) ⩵

g j m (a+b Log[c (d+e x)n])p

i+j x
+ b e n p (a+b Log[c (d+e x)n])-1+p (f+g Log[h (i+j x)m])

d+e x
◼

Rule: If  p ∈ ℤ+, then

 a + b Logc (d + e x)n
p
f + g Logh i + j x

m
 ⅆx ⟶
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x a + b Logc (d + e x)n
p
f + g Logh i + j x

m
 - g j m 

x a + b Logc (d + e x)n
p

i + j x
ⅆx - b e n p 

x a + b Logc (d + e x)n
p-1

f + g Logh i + j x
m


d + e x
ⅆx

Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.*f_.+g_.*Logh_.*i_.+j_.*x_^m_.,x_Symbol :=

x*(a+b*Log[c*(d+e*x)^n])^p*f+g*Logh*i+j*x^m -

g*j*m*Intx*(a+b*Log[c*(d+e*x)^n])^pi+j*x,x -

b*e*n*p*Intx*(a+b*Log[c*(d+e*x)^n])^(p-1)*f+g*Logh*i+j*x^m(d+e*x),x /;

FreeQa,b,c,d,e,f,g,h,i,j,m,n,x && IGtQ[p,0]

U:  a + b Logc (d + e x)n
p
f + g Logh i + j x

m


q
ⅆx

◼
Rule:

 a + b Logc (d + e x)n
p
f + g Logh i + j x

m


q
ⅆx ⟶  a + b Logc (d + e x)n

p
f + g Logh i + j x

m


q
ⅆx

◼
Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.*f_.+g_.*Logh_.*i_.+j_.*x_^m_.^q_.,x_Symbol :=

Unintegrable(a+b*Log[c*(d+e*x)^n])^p*f+g*Logh*i+j*x^m^q,x /;

FreeQa,b,c,d,e,f,g,h,i,j,m,n,p,x

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 32



9.  (k + l x)r a + b Logc (d + e x)n
p
f + g Logh i + j x

m


q
ⅆx

1:  (k + l x)r a + b Logc (d + e x)n
p
f + g Logh i + j x

m
 ⅆx when e k - d l⩵ 0

Derivation: Integration by substitution

Basis: If  e k - d l ⩵ 0, then (k + l x)r F[x] ⩵ 1
e
Subst k x

d

r
F x-d

e
, x, d + e x ∂x(d + e x)

Rule: If  e k - d l ⩵ 0, then

 (k + l x)r a + b Logc (d + e x)n
p
f + g Logh i + j x

m
 ⅆx ⟶

1

e
Subst

k x

d

r

a + b Logc xn
p

f + g Logh
e i - d j

e
+
j x

e

m

 ⅆx, x, d + e x

Program code:

Int(k_.+l_.*x_)^r_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.*f_.+g_.*Logh_.*i_.+j_.*x_^m_.,x_Symbol :=

1/e*SubstInt(k*x/d)^r*(a+b*Log[c*x^n])^p*f+g*Logh*e*i-d*je+j*x/e^m,x,x,d+e*x /;

FreeQa,b,c,d,e,f,g,h,i,j,k,l,n,p,r,x && EqQ[e*k-d*l,0]

2.  xr a + b Logc (d + e x)n
p
f + g Logh i + j x

m
 ⅆx when p ∈ ℤ+ ∧ r ∈ ℤ ∧ (p⩵ 1 ∨ r > 0)

1.  xm a + b Logc (d + e x)n f + g Logc (d + e x)n ⅆx

1: 

a + b Logc (d + e x)n f + g Logc (d + e x)n

x
ⅆx

Derivation: Integration by parts

Basis: ∂x((a + b Log[c (d + e x)n]) (f + g Log[c (d + e x)n])) ⩵ e n (b f+a g+2 b g Log[c (d+e x)n])

d+e x
◼

Rule:
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a + b Logc (d + e x)n f + g Logc (d + e x)n

x
ⅆx ⟶

Log[x] a + b Logc (d + e x)n f + g Logc (d + e x)n - e n 

Log[x] b f + a g + 2 b g Logc (d + e x)n

d + e x
ⅆx

Pmogram code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])*f_.+g_.*Log[c_.*(d_+e_.*x_)^n_.]x_,x_Symbol :=

Log[x]*(a+b*Log[c*(d+e*x)^n])*f+g*Log[c*(d+e*x)^n] -

e*n*IntLog[x]*b*f+a*g+2*b*g*Log[c*(d+e*x)^n](d+e*x),x /;

FreeQa,b,c,d,e,f,g,n,x

2:  xm a + b Logc (d + e x)n f + g Logc (d + e x)n ⅆx when m ≠ -1

Derivation: Integration by parts

Basis: ∂x((a + b Log[c (d + e x)n]) (f + g Log[c (d + e x)n])) ⩵ e n (b f+a g+2 b g Log[c (d+e x)n])

d+e x
◼

Rule: If  m ≠ -1, then

 xm a + b Logc (d + e x)n f + g Logc (d + e x)n ⅆx ⟶

xm+1 a + b Logc (d + e x)n f + g Logc (d + e x)n

m + 1
-

e n

m + 1


xm+1 b f + a g + 2 b g Logc (d + e x)n

d + e x
ⅆx

Pmogram code:

Intx_^m_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])*f_.+g_.*Log[c_.*(d_+e_.*x_)^n_.],x_Symbol :=

x^(m+1)*(a+b*Log[c*(d+e*x)^n])*f+g*Log[c*(d+e*x)^n](m+1) -

e*n/(m+1)*Intx^(m+1)*b*f+a*g+2*b*g*Log[c*(d+e*x)^n](d+e*x),x /;

FreeQa,b,c,d,e,f,g,n,m,x && NeQ[m,-1]
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1. 

a + b Logc (d + e x)n
p
f + g Logh i + j x

m


x
ⅆx

1. 

a + b Logc (d + e x)n f + g Logh i + j x
m


x
ⅆx

1: 

a + b Logc (d + e x)n f + g Logh i + j x
m


x
ⅆx when e i - d j⩵ 0

Derivation: Integration by parts

Basis: If  e i - d j ⩵ 0, then 
∂x((a + b Log[c (d + e x)n]) (f + g Log[h (i + j x)m])) ⩵ e g m (a+b Log[c (d+e x)n])

d+e x
+ b j n (f+g Log[h (i+j x)m])

i+j x
◼

Rule: If  e i - d j ⩵ 0, then



a + b Logc (d + e x)n f + g Logh i + j x
m


x
ⅆx ⟶

Log[x] a + b Logc (d + e x)n f + g Logh i + j x
m
 - e g m 

Log[x] a + b Logc (d + e x)n

d + e x
ⅆx - b j n 

Log[x] f + g Logh i + j x
m


i + j x
ⅆx

◼
Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])*f_.+g_.*Logh_.*i_.+j_.*x_^m_.x_,x_Symbol :=

Log[x]*(a+b*Log[c*(d+e*x)^n])*f+g*Logh*i+j*x^m -

e*g*m*Int[Log[x]*(a+b*Log[c*(d+e*x)^n])/(d+e*x),x] -

b*j*n*IntLog[x]*f+g*Logh*i+j*x^mi+j*x,x/;

FreeQa,b,c,d,e,f,g,h,i,j,m,n,x && EqQe*i-d*j,0
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2. 

a + b Logc (d + e x)n f + g Logh i + j x
m


x
ⅆx when e i - d j ≠ 0

1. 

Logc (d + e x)n Logh i + j x
m


x
ⅆx when e i - d j ≠ 0

1: 

Log[d + e x] Logi + j x

x
ⅆx when e i - d j ≠ 0

Derivation: Integration by parts and ???
◼

Rule: If  b c - a d ≠ 0, then



Log[a + b x] Log[c + d x]

x
ⅆx ⟶ Log-

b x

a
 Log[a + b x] Log[c + d x] -



d Log- b x

a
 Log[a + b x]

c + d x
+

b Log- b x

a
 Log[c + d x]

a + b x
ⅆx

⟶ Log-
b x

a
 Log[a + b x] Log[c + d x] - d Log-

b x

a
 - Log-

d x

c




Log[a + b x] + Log a (c+d x)

c (a+b x)


c + d x
ⅆx -

(b c - a d)


Log- b x

a
 Log a (c+d x)

c (a+b x)


(a + b x) (c + d x)
ⅆx - b



Log- b x

a
 Log[c + d x] - Log a (c+d x)

c (a+b x)


a + b x
ⅆx - d



Log- d x

c
 Log[a + b x] + Log a (c+d x)

c (a+b x)


c + d x
ⅆx

⟶ Log-
b x

a
 Log[a + b x] Log[c + d x] -

1

2
Log-

b x

a
 - Log-

d x

c
 Log[a + b x] + Log

a (c + d x)

c (a + b x)


2

+

1

2
Log-

b x

a
 - Log-

(b c - a d) x

a (c + d x)
 + Log

b c - a d

b (c + d x)
 Log

a (c + d x)

c (a + b x)

2

+

Log[c + d x] - Log
a (c + d x)

c (a + b x)
 PolyLog2, 1 +

b x

a
 + Log[a + b x] + Log

a (c + d x)

c (a + b x)
 PolyLog2, 1 +

d x

c
 -

Log
a (c + d x)

c (a + b x)
 PolyLog2,

d (a + b x)

b (c + d x)
 + Log

a (c + d x)

c (a + b x)
 PolyLog2,

c (a + b x)

a (c + d x)
 -

PolyLog3, 1 +
b x

a
 - PolyLog3, 1 +

d x

c
 - PolyLog3,

d (a + b x)

b (c + d x)
 + PolyLog3,

c (a + b x)

a (c + d x)


◼
Program code:
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Int[Log[a_+b_.*x_]*Log[c_+d_.*x_]/x_,x_Symbol] :=

Log[-b*x/a]*Log[a+b*x]*Log[c+d*x] -

1/2*(Log[-b*x/a]-Log[-d*x/c])*(Log[a+b*x]+Log[a*(c+d*x)/(c*(a+b*x))])^2 +

1/2*(Log[-b*x/a]-Log[-(b*c-a*d)*x/(a*(c+d*x))]+Log[(b*c-a*d)/(b*(c+d*x))])*Log[a*(c+d*x)/(c*(a+b*x))]^2 +

(Log[c+d*x]-Log[a*(c+d*x)/(c*(a+b*x))])*PolyLog[2,1+b*x/a] +

(Log[a+b*x]+Log[a*(c+d*x)/(c*(a+b*x))])*PolyLog[2,1+d*x/c] -

Log[a*(c+d*x)/(c*(a+b*x))]*PolyLog[2,d*(a+b*x)/(b*(c+d*x))] +

Log[a*(c+d*x)/(c*(a+b*x))]*PolyLog[2,c*(a+b*x)/(a*(c+d*x))] -

PolyLog[3,1+b*x/a] - PolyLog[3,1+d*x/c] - PolyLog[3,d*(a+b*x)/(b*(c+d*x))] + PolyLog[3,c*(a+b*x)/(a*(c+d*x))]/;

FreeQ[{a,b,c,d},x] && NeQ[b*c-a*d,0]

Int[Log[v_]*Log[w_]/x_,x_Symbol] :=

Int[Log[ExpandToSum[v,x]]*Log[ExpandToSum[w,x]]/x,x] /;

LinearQ[{v,w},x] && NotLinearMatchQ[{v,w},x]

2: 

Logc (d + e x)n Logh i + j x
m


x
ⅆx when e i - d j ≠ 0

Derivation: Algebraic expansion and piecewise constant extraction

Basis: ∂xm Log[i + j x] - Logh i + j xm ⩵ 0

◼
Rule: If  e i - d j ≠ 0, then



Logc (d + e x)n Logh i + j x
m


x
ⅆx ⟶ m 

Logi + j x Logc (d + e x)n

x
ⅆx - m Logi + j x - Logh i + j x

m
 

Logc (d + e x)n

x
ⅆx

IntLog[c_.*(d_+e_.*x_)^n_.]*Logh_.*i_.+j_.*x_^m_.x_,x_Symbol :=

m*IntLogi+j*x*Log[c*(d+e*x)^n]/x,x - m*Logi+j*x-Logh*i+j*x^m*Int[Log[c*(d+e*x)^n]/x,x]/;

FreeQc,d,e,h,i,j,m,n,x && NeQe*i-d*j,0 && NeQi+j*x,h*i+j*x^m
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2: 

a + b Logc (d + e x)n f + g Logh i + j x
m


x
ⅆx when e g - d h ≠ 0

Derivation: Algebraic expansion
◼

Rule: If  e i - d j ≠ 0, then



a + b Logc (d + e x)n f + g Logh i + j x
m


x
ⅆx ⟶ f 

a + b Logc (d + e x)n

x
ⅆx + g 

Logh i + j x
m
 a + b Logc (d + e x)n

x
ⅆx

◼
Program code:

Int(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])*f_+g_.*Logh_.*i_.+j_.*x_^m_.x_,x_Symbol :=

f*Int[(a+b*Log[c*(d+e*x)^n])/x,x] + g*IntLogh*i+j*x^m*(a+b*Log[c*(d+e*x)^n])/x,x/;

FreeQa,b,c,d,e,f,g,h,i,j,m,n,x && NeQe*i-d*j,0
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2:  xr a + b Logc (d + e x)n
p
f + g Logh i + j x

m
 ⅆx when p ∈ ℤ+ ∧ r ∈ ℤ ∧ (p⩵ 1 ∨ r > 0) ∧ r ≠ -1

Derivation: Integration by parts

Basis: ∂x((a + b Log[c (d + e x)n])p (f + g Log[h (i + j x)m])) ⩵

g j m (a+b Log[c (d+e x)n])p

i+j x
+ b e n p (a+b Log[c (d+e x)n])-1+p (f+g Log[h (i+j x)m])

d+e x
◼

Rule: If  p ∈ ℤ+ ∧ r ∈ ℤ ∧ (p ⩵ 1 ∨ r > 0) ∧ r ≠ -1, then

 xr a + b Logc (d + e x)n
p
f + g Logh i + j x

m
 ⅆx ⟶

xr+1 a + b Logc (d + e x)n
p
f + g Logh i + j x

m


r + 1
-

g j m

r + 1


xr+1 a + b Logc (d + e x)n
p

i + j x
ⅆx -

b e n p

r + 1


xr+1 a + b Logc (d + e x)n
p-1

f + g Logh i + j x
m


d + e x
ⅆx

◼
Program code:

Intx_^r_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.*f_.+g_.*Logh_.*i_.+j_.*x_^m_.,x_Symbol :=

x^(r+1)*(a+b*Log[c*(d+e*x)^n])^p*f+g*Logh*i+j*x^m(r+1) -

g*j*m/(r+1)*Intx^(r+1)*(a+b*Log[c*(d+e*x)^n])^pi+j*x,x -

b*e*n*p/(r+1)*Intx^(r+1)*(a+b*Log[c*(d+e*x)^n])^(p-1)*f+g*Logh*i+j*x^m(d+e*x),x /;

FreeQa,b,c,d,e,f,g,h,i,j,m,n,x && IGtQ[p,0] && IntegerQ[r] && (EqQ[p,1] || GtQ[r,0]) && NeQ[r,-1]

3:  (k + l x)r a + b Logc (d + e x)n f + g Logh i + j x
m
 ⅆx when r ∈ ℤ

Derivation: Integration by substitution
◼

Rule: If  r ∈ ℤ, then

 (k + l x)r a + b Logc (d + e x)n f + g Logh i + j x
m
 ⅆx ⟶
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1

l
Subst xr a + b Logc -

e k - d l

l
+
e x

l

n

 f + g Logh -
j k - i l

l
+
j x

l

m

 ⅆx, x, k + l x

◼
Program code:

Int(k_+l_.*x_)^r_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])*f_.+g_.*Logh_.*i_.+j_.*x_^m_.,x_Symbol :=

1/l*SubstIntx^r*(a+b*Log[c*(-(e*k-d*l)/l+e*x/l)^n])*f+g*Logh*-j*k-i*ll+j*x/l^m,x,x,k+l*x/;

FreeQa,b,c,d,e,f,g,h,i,j,k,l,m,n,x && IntegerQ[r]

U:  (k + l x)r a + b Logc (d + e x)n
p
f + g Logh i + j x

m


q
ⅆx

Rule:

 (k + l x)r a + b Logc (d + e x)n
p
f + g Logh i + j x

m


q
ⅆx ⟶  (k + l x)r a + b Logc (d + e x)n

p
f + g Logh i + j x

m


q
ⅆx

◼
Program code:

Int(k_.+l_.*x_)^r_.*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.*f_.+g_.*Logh_.*i_.+j_.*x_^m_.^q_.,x_Symbol :=

Unintegrable(k+l*x)^r*(a+b*Log[c*(d+e*x)^n])^p*f+g*Logh*i+j*x^m^q,x /;

FreeQa,b,c,d,e,f,g,h,i,j,k,l,m,n,p,q,r,x

10: 

PolyLogk, h + i x a + b Logc (d + e x)n
p

f + g x
ⅆx when e f - d g⩵ 0 ∧ g h - f i⩵ 0 ∧ p ∈ ℤ+

Derivation: Integration by substitution

Basis: F[x] ⩵ 1
e
SubstF x-d

e
, x, d + e x ∂x(d + e x)

◼
Rule: If  e f - d g ⩵ 0 ∧ g h - f i ⩵ 0 ∧ p ∈ ℤ+, then
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PolyLogk, h + i x a + b Logc (d + e x)n
p

f + g x
ⅆx ⟶

1

g
Subst



PolyLogk, h x

d
 a + b Logc xn

p

x
ⅆx, x, d + e x

Program code:

IntPolyLogk_,h_+i_.*x_*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.])^p_.f_+g_.*x_,x_Symbol :=

1/g*Subst[Int[PolyLog[k,h*x/d]*(a+b*Log[c*x^n])^p/x,x],x,d+e*x] /;

FreeQa,b,c,d,e,f,g,h,i,k,n,x && EqQe*f-d*g,0 && EqQg*h-f*i,0 && IGtQ[p,0]

11:  Px Ff (g + h x) a + b Logc (d + e x)n ⅆx when F ∈ ArcSin, ArcCos, ArcTan, ArcCot, ArcSinh, ArcCosh, ArcTanh, ArcCoth

◼
Derivation: Integration by parts

Basis: ∂x(a + b Log[c (d + e x)n]) ⩵ b e n
d+e x

◼
Note: If  F ∈ {ArcSin, ArcCos, ArcTan, ArcCot, ArcSinh, ArcCosh, ArcTanh, ArcCoth}, the terms of the 

antiderivative of ∫Px F[f (g+h x)] ⅆx

d+e x
 will be integrable.

◼
Rule: If  F ∈ {ArcSin, ArcCos, ArcTan, ArcCot, ArcSinh, ArcCosh, ArcTanh, ArcCoth}, let 
u → ∫Px F[f (g + h x)] ⅆx, then

 Px Ff (g + h x) a + b Logc (d + e x)n ⅆx ⟶ u a + b Logc (d + e x)n - b e n 

u

d + e x
ⅆx

◼
Program code:

IntPx_.*F_f_.*(g_.+h_.*x_)*(a_.+b_.*Log[c_.*(d_+e_.*x_)^n_.]),x_Symbol :=

Withu=IntHidePx*Ff*(g+h*x),x,

Dist[(a+b*Log[c*(d+e*x)^n]),u,x] - b*e*n*IntSimplifyIntegrand[u/(d+e*x),x],x /;

FreeQa,b,c,d,e,f,g,h,n,x && PolynomialQ[Px,x] &&

MemberQArcSin, ArcCos, ArcTan, ArcCot, ArcSinh, ArcCosh, ArcTanh, ArcCoth,F
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N:  u a + b Logc vn
p
ⅆx when v⩵ d + e x

Derivation: Algebraic normalization
◼

Rule: If  v ⩵ d + e x, then

 u a + b Logc vn
p
ⅆx ⟶  u a + b Logc (d + e x)n

p
ⅆx

◼
Program code:

Int[u_.*(a_.+b_.*Log[c_.*v_^n_.])^p_.,x_Symbol] :=

Int[u*(a+b*Log[c*ExpandToSum[v,x]^n])^p,x] /;

FreeQ[{a,b,c,n,p},x] && LinearQ[v,x] && NotLinearMatchQ[v,x] && NotEqQ[n,1] && MatchQc*v,e_.*f_+g_.*x /; FreeQe,f,g,x
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Rules for integrands of the form  u (a + b Log[c (d (e + f x)m)n])p

S:  u a + b Logc d e + f x
m

n


p
ⅆx when n ∉ ℤ ∧ ¬ (d ≠ 1 ∧ m ≠ 1)

Derivation: Integration by substitution
◼

Rule: If  n ∉ ℤ ∧ ¬ (d ≠ 1 ∧ m ≠ 1), then

 u a + b Logc d e + f x
m

n


p
ⅆx ⟶ Subst u a + b Logc dn e + f x

m n


p
ⅆx, c dn e + f x

m n
, c d e + f x

m

n


◼
Program code:

Intu_.*a_.+b_.*Logc_.*d_.*e_.+f_.x_^m_.^n_^p_.,x_Symbol :=

SubstIntu*a+b*Logc*d^n*e+f*x^(m*n)^p,x,c*d^n*e+f*x^(m*n),c*d*e+f*x^m^n /;

FreeQa,b,c,d,e,f,m,n,p,x && Not[IntegerQ[n]] && Not[EqQ[d,1] && EqQ[m,1]] &&

IntegralFreeQIntHideu*a+b*Logc*d^n*e+f*x^(m*n)^p,x

U:  AF[x] a + b Logc d e + f x
m

n


p
ⅆx

◼
Rule:

 AF[x] a + b Logc d e + f x
m

n


p
ⅆx ⟶  AF[x] a + b Logc d e + f x

m

n


p
ⅆx

◼
Program code:

IntAFx_*a_.+b_.*Logc_.*d_.*e_.+f_.x_^m_.^n_^p_.,x_Symbol :=

UnintegrableAFx*a+b*Logc*d*e+f*x^m^n^p,x /;

FreeQa,b,c,d,e,f,m,n,p,x && AlgebraicFunctionQ[AFx,x,True]

Rules for integrands of the form u (a+b log(c (d+e x)^n)^p 43
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